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Abstract. The subject of this paper is the rigorous derivation of lower dimen- 
sional models for a nonlinearly elastic thin- walled beam whose cross-section is 
given by a thin tubular neighbourhood of a smooth curve. Denoting by h and 
o~h , respectively, the diameter and the thickness of the cross-section, we analy- 
se the case where the scaling factor of the elastic energy is of order e^, with 
->/€ [0, +00). Different linearized models are deduced according to the 
relative order of magnitude of with respect to h. 



1. Introduction 

A thin-walled beam is a three-dimensional body, whose length is much larger than 
the diameter of the cross-section, which, in turn, is much larger than the thickness of 
the cross-section. This kind of beams are commonly used in mechanical engineering, 
since they combine good resistance properties with a reasonably low weight. 

In this paper we consider a nonlinearly elastic thin-walled beam with a cross- 
section of arbitrary geometry and we rigorously deduce, by r-convcrgence tech- 
niques, different lower dimensional linearized models, according to the relative or- 
der of magnitude between the cross-section diameter and the cross-section thickness. 

The derivation of lower dimensional models for thin domains is a classical prob- 
lem in elasticity theory. Since the early 90 's a mathematically rigorous approach has 
emerged [1, 11, 12], based on the notion of T- convergence. This variational approach 
guarantees convergence of minimizers (and of minima) of the three-dimensional en- 
ergy to minimizers (and minima) of the limit models. Recently, owing to the seminal 
paper [7] , hierarchies of limit models have been identified by T-convergence meth- 
ods for plates [7, 8], shells [6, 13, 14], and beams [15, 16, 17, 18]. The different limit 
models correspond to different scalings of the elastic energy, which, in turn, are 
determined by the scaling of the applied loads in terms of the thickness parameter. 

The subject of this paper is the study of the lower dimensional theories for 
thin-walled beams that can be deduced by F-convergence from three-dimensional 
nonlinear elasticity. A similar analysis has been performed in the recent papers 
[4, 5], in the case of a rectangular cross-section. Here, instead, we assume that the 
cross-section of the beam is given by a thin tubular neighbourhood of a smooth 
curve. More precisely, let 7 : [0, 1] — > R 3 , -f(s) = j2{s)e2 + 73(s)e3, be a smooth 
and simple planar curve, whose curvature is not identically equal to zero, and let 
n(s) denote the normal vector to the curve at the point j(s). We consider an clastic 
beam of reference configuration 



Oft, := 



jxid + h-y(s) + 5 h tn(s) : x x e (Q,L),s G (0,1), i E ( - -, -)}, 
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where L is the length of the beam and h, Sh are positive parameters. To model a 
thin-walled beam, we assume 

h -> and — — > (ash— > 0). 

In other words, the diameter of the cross-section is of order h and is assumed to be 
much larger than the cross-section thickness Sh- 

To any deformation u £ W 1,2 (ri^; R 3 ), we associate the elastic energy (per unit 
cross-section) defined by 

£k ( u ) TP" / W{Vu{x))dx, 
ho h Jn h 

where the energy density W satisfies the usual assumptions of nonlinear elasticity 
(see Section 2). We are interested in understanding the behaviour, as h — > 0, of 
sequences of deformations (u h ) satisfying 

£ h (u h ) < Cel (1.1) 

where (e/j) is a given sequence of positive numbers. Estimate (1.1) is satisfied, for 
instance, by global minimizcrs of the total energy 



£h ^ u )-TT I u -f hdx 
hdh Jn h 



when the applied body force f h : f2^ — > R 3 is of a suitable order of magnitude 
with respect to eh (see [4, 5]). The asymptotic behaviour of (u h ), as h — > 0, can be 
characterized by identifying the r-limit of the sequence of functionals (e~^ 2 £ h ). For 
the definition and properties of T-convergence we refer to the monograph [3] . 

In this paper we mainly focus on the case where the sequence (e^) is infinitesimal 
and satisfies 

lim ^ =: I 6 [0,+oc). (1.2) 

In analogy with the results of [5] , this scaling is expected to correspond at the limit 
to partially or fully linearized models. Other scalings, different than (1.2), will be 
studied in a forthcoming paper. 

Assuming e/j = o(5h), as h — > 0, we first show (Theorem 5.2) that any sequence 
(u h ) satisfying (1.1) converges, up to a rigid motion, to the identity deformation 
on the mid-fiber of the rod; more precisely, defining D, := (0, L) x (0, 1) x (— |, |) 
and ip h : f2 — > £7^ as 

tp (xi, s, t) := X\e\ + h~/(s) + Shtn(s) 
for every (xi, s, t) € fi, we have that, up to rigid motions, 

y h := u h o ip h -» xiei 

strongly in W 1 ' 2 ^; M 3 ). 

To express the limiting functional, we introduce and study the compactness 
properties of some linearized quantities associated with the scaled deformations y h . 
We consider the tangential derivative of the tangential displacement 



g h (xi,s,t) --dxiy* 



Xl 



for a.e. (x\, s,t) € fl, and the twist function 



w h ( Xl ,s) := A. / 



h J-i 
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for a.e. (xi,s) £ (0, Li) x (0, 1). In Theorem 5.2, under assumption (1.2), we prove 
that 

g h — 1 g weakly in L 2 {VL) 1 

w h -> w strongly in L 2 ((0,L) x (0, 1)), 



for some g £ L 2 ((0,L) x (0,1)) and w £ W 1,2 (Q : L). Moreover, the sequence of 
bending moments (j^d s w h ) converges in the following sense: 

\d s w h b weakly in W _1 ' 2 ((0,L) x (0,1)) 

for some b £ L 2 ((0, L) x (0, 1)) (see Proposition 5.3). In Theorem 6.2 we show that 
the limit quantities w,g,b must satisfy some compatibility conditions that depend 
on the relative order of magnitude between 5h and h. More precisely, assuming the 
existence of the limit 

/t := km — 

three main regimes can be identified: 

• n = +oo, 

• fJ, € (0, +oo), 

• (j, = 0. 

In the first regime \i = +oo, one has that g is the tangential derivative of the 
first component of a Bernoulli-Navicr displacement in curvilinear coordinates, that 
is, there exists v £ W 1>2 ((0,L) x (0, 1);M 3 ) such that 

d\v ■ ei = g, d s v ■ r = 0, <9 s -u • ei + • r = on (0, L) x (0, 1), 

where r(s) denotes the tangent vector to the curve 7 at the point j(s). The structure 
of the cross-sectional components of v depends on the existence and the value of 
the limit 

A := lim — . 

h-^o h 2 

Indeed, if A = +00, there exist a, j3 £ W 1,2 (0, L) such that 

v{x\, s) ■ ei = a(x\) and v(xi, s) ■ e% = f3{x\) 

for every (x\,s) £ (0, L) x (0, 1). If A £ (0, +00), then one can show that the twist 
function w belongs to W 2,2 (0,L) and the cross-sectional components of v depend 
on w in the following way: 

v(xi,s) ■ e 2 = a(xi) - \ w(xi)j 3 (s) and v(xi,s) ■ e 3 = fi(xi) + \ w(xi)^ 2 (s) 

for every (x\,s) £ (0, L) x (0,1) and for some a, (3 £ W 1,2 (0,L). Finally, if A = 0, 
the twist function w is affinc, while the cross-sectional components of v satisfy 

v(xi, s) ■ e 2 = a(xi) - S(xi)j 3 (s) and v(xi, s) ■ e 3 = j3(xi) + S(xi)j 2 («) 

for every (x\, s) £ (0, L) x (0, 1) and for some a, /3, S £ W 1,2 (0, L). In other words, 
in the regime ^ = +00, the structure of g is essentially one-dimensional. As for the 
bending moment b, we prove that it simply belongs to L 2 ((0,L) x (0, 1)). 

In the regime fj, = 0, wc still have that g is the tangential derivative of the first 
component of a Bernoulli-Navier displacement in curvilinear coordinates, but only 
in an approximate sense (see the definition of the class Q in Section 4). Moreover, 
the bending moment b is associated with an infinitesimal isometry of the cylindrical 
surface 

{xiei + j(s) : xi £ (0, L), s £ (0, 1)}, 
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in the sense that there exists <j> £ L 2 ((0,L) x (0,1); M 3 ), with d s (j> € L 2 ((0,L) x 
(0, 1);R 3 ), such that 

d 1 cj)-e 1 =0, d s (/)-T = 0, d s (f)-e 1 + d 1 ^-T = on (0, L) X (0, 1) 

and 

d s {d s 4>-ri) = b on (0,L) X (0,1). 
The equalities are intended in the sense of distributions; some higher regularity for 
</> can be proved (see Remark 4.6). In other words, in this regime the limit kinematic 
description of the thin- walled beam is intrinsically two-dimensional. 

In the intermediate regime /i € (0, +oo), the limit quantities g and b are no more 
mutually independent but they must satisfy the following constraint: there exists 
<j) e L 2 ((0,i) x (0, 1);K 3 ), with d s (j> € L 2 ((0,L) x (0, 1);K 3 ), such that 

d\4> ■ ei = [ig, d s 4> ■ r = 0, d s <p ■ e\ + d\<p • r = on (0, L) x (0, 1) 

and 

d s (d a <f> ■ n) = b on (0,L) x (0,1). 

Finally, for the twist function w, we show that it is affine for fi £ [0, +oo). 

The r-limit functional is expressed in terms of the limit quantities w,g,b and, 
according to the values of A and /x, is finite only on the class A\ 4L of triples (w, g, b) 
with the structure described above. In Theorems 6.3 and 7.1 we prove that for 
(w, g, b) £ A\ ifJl the r-limit is given by the functional 

J\,n(g,w,b) = [ [ Q2(s,w',b)dsdxi + - f [ Eg 2 dsdxi, 
^ 4 Jo Jo 1 Jo Jo 

where Q2 is a positive definite quadratic form and E is a positive constant, for 

which an explicit formula is provided (see (2.7) and (2.8)). 

The proofs of compactness and of the liminf inequality rely on the rigidity es- 
timate due to Friesecke, James and Miiller (Theorem 3.1) and on a rescaled two- 
dimensional Korn's inequality in curvilinear coordinates for cross-sectional displace- 
ments (Theorem 3.5). The key ingredients in the construction of the recovery se- 
quences are some approximation results for triples in the classes in terms of 
smooth functions (see Section 4). In the regime /x = the approximation result 
is proved under the additional assumption that the set where the curvature of 7 
vanishes is the union of a finite number of intervals and isolated points. Therefore, 
for n = the T-convergence result is valid only under this additional restriction. 

The dependence of the T-limits on the rate of convergence of the thickness pa- 
rameter Sh with respect to the cross-section diameter h is an effect of the nontrivial 
geometry of the cross-section. Indeed, in the case of a rectangular cross-section this 
phenomenon is not observed for the scalings (1.2) and is conjectured to arise only 
for scalings eh such that 8\ <C eh < 5h (see [4, 5]). 

Another difference with respect to [5] is that, in general, one can not rely on a 
three-dimensional Korn's inequality on ft to guarantee compactness of the sequence 
of cross-sectional displacements. However, the two-dimensional Korn's inequality 
proved in Theorem 3.5 allows us to implicitly determine the cross-sectional dis- 
placements in the limit models through the characterization of g (see the proof of 
Theorem 6.2). 

The paper is organized as follows. In Section 2 we describe the setting of the 
problem. In Section 3 we recall some preliminary results and prove the rescaled 
Korn's inequality in curvilinear coordinates. In Section 4 we discuss some approxi- 
mation results for displacements and bending moments. Section 5 is devoted to the 
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proof of the compactness results, while Section 6 to the liminf inequality. Finally, 
in Section 7 we construct the corresponding recovery sequences. 

Notation. We shall denote the canonical basis of R 3 by {ei,e2,es}- If a : 
(0, L) — > R m is a function of the x\ variable, we shall denote its derivative, 
when it exists, by a', while if a : (0,1) — > R m is a function of the s variable, 
we shall denote its derivative by a. The fc-th component of a vector v will be 
denoted by v^. For every v,w <E R™, we shall denote their scalar product by 
v ■ w. We endow the space M" XTI of n x n matrices with the euclidean norm 

| M | := y / Tr(M T M) = ^Y^i,j=x,— , n m ij anc ^ denote by the colon : the associated 

scalar product. For every j € N, C 3 {A;R m ) and C£°(A;R m ) will be respectively 
the standard spaces of C 3 and C°° functions with compact support in A. 

2. Setting of the problem 
Let (h), (Sh) be two sequences of positive numbers such that h — > and 

lim — = 0. (2.1) 

ft-s-o h 

We shall consider a thin-walled elastic beam, whose reference configuration is given 
by the set 

n h : = ^x 1 e 1 +h-f(s)+S h tn(s) : Xl £ (0,L), s£ (0,1), te (--, -)}, 

where 7 : [0, 1] — > R 3 , j(s) — (0, 72(5), 73(5)) is a simple, planar curve of class C 6 
parametrized by arclength and n(s) is the normal vector to the curve 7 at the point 
7(s). We shall denote by r(s) := ■y(s) the tangent vector to 7 at the point "f(s), so 
that 

( ° \ 

n(s) = -t 3 (s) 

\ T 2 ( S ) J 

for every s e [0, 1]. We define also the map Rq : [0, 1] — > 50(3) given by 



Rq(s) := (ex r(s) n(s)j 



for every s £ [0,1]. For the sake of notation we introduce the two-dimensional 
vectors 

*•>=-( "W-(^w) 

and the 2x2 rotation 

i?o(s) := (r(s)|fS(«)) 

for every s € [0, 1]. Let fc(s) := f(s) ■ n(s) be the curvature of 7 at the point 7(.s). 
We shall assume that k is not identically equal to zero. Finally, let N, T : [0, 1] — > R 
be the functions defined by N := 7 • n and T := 7 • r. 

For every u € W 1,2 (n/ l ; R 3 ), we define the elastic energy (per unit cross-section) 
associated with u by 

£ h (u) := tV / W^(Vu(x))da;. (2.2) 

The stored-energy density W : M 3x3 — > [0, +00] is assumed to satisfy the following 
conditions: 

(HI) W is continuous; 
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(H2) W{RF) = W(F) for every R e 50(3), F g M 3x3 (frame indifference); 
(H3) W = on 50(3); 

(H4) 3C > such that VK(F) > Odist 2 (F, 50(3)) for every F g M 3x3 ; 
(H5) is of class C 2 in a neighbourhood of 50(3), 

where 50(3) := {R g M 3x3 : i? T i? = JcZ, deti? = 1}. 

As usual in dimension reduction problems, we scale the deformations and the 
corresponding energy to a fixed domain. We set Q := (0, L) x (0, 1) x (—5, |)- In 
the following we shall also consider the set 

w:= (0,L) x (0,1) 

and the scaled cross-section 

S:= (0,1)X(-^), 

Wc define the maps ip h : 51 — > ilh as 

tp h (xi,s, t) := x\e\ + h/y[s) + Shtn(s), 

for every (xi,s,t) g SI and wc notice that there exists ho > such that ip h is a 
bijection for every h g (0, fto)- To every deformation u g W l ' 2 (Clh', R 3 ) we associate 
a scaled deformation y g W^ 1,2 (f2; R 3 ), defined by y := u o so that we can rewrite 
the elastic energy as 

£ h {u) = J h {y) := j {^—^)w{V h>5h yRl)dx 1 dsdt, (2.3) 

where 



Oft 



We observe that 



V Ml ^ h = Ro- 



Moreover, since k is a bounded function and (2.1) holds, we have that 

h — Sfrtk 



h 



1 (2.4) 



uniformly in 5. In particular, for h small enough it follows that h — S^tk > for 
every s g [0, 1] and t g [—5,5]- 

Throughout this article we shall consider sequences of scaled deformations (y h ) 
in W 1>2 (Q;R 3 ) satisfying 

j w{ ^ hs ^ hR T ) dxidsdt < Ce 2 i (2.5) 

where (e/j) is a given sequence of positive numbers. We shall mainly focus on the 
case where (e^) is infinitesimal of order larger or equal than (5%), that is, we shall 
assume that 

aihn ^=:ie [0,+oo). (2.6) 

A key role will be played by the quadratic form of linearized elasticity Q3 : 
M 3x3 — > [ 0j+oo ) defined by 

Q 3 (F) := D 2 W(Id)F : F for every F g M 3x3 . 

The limiting functionals will involve the constant 

E := min QsieMb) (2.7) 

a, b"" 
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and the quadratic form Q2 : [0, 1] x M 2 — > [0, +00) denned by 

Q 2 {s,a,b) = mm qJr (s)( a b ct 2 (2.8) 

V V 0"1 (72 (73 / / 

for any s G [0, 1] and for any (a, &) G R 2 . It is well known that, owing to (H2)-(H5), 
Q3 is a positive semi-definite quadratic form and is positive definite on symmetric 
matrices. Hence, E > and Q2(s,a,b) is strictly positive for every s € [0,1] and 
every (a, b) £ (0,0) . 

3. Preliminary results 

In this section we collect some results which will be useful to prove a liminf inequal- 
ity for the rescaled energies. 

A first key tool to establish compactness of deformations with equibounded en- 
ergies is the following rigidity estimate, due to Friesecke, James, and Miiller [7, 
Theorem 3.1]. 

Theorem 3.1. Let U be a bounded Lipschitz domain in M™, n > 2. Then there 
exists a constant C{U) with the following properties: for every v € W 1,2 (U; R ra ) 
there is an associated rotation R e SO(n) such that 

\\Vv - R\\ LHU) < C(C0l|di8t(V«, SO(n))\\ L 2 {u) . 

Remark 3.2. The constant C(U) in Theorem 3.1 is invariant by translations and 
dilations of U and is uniform for families of sets which are uniform bi-Lipschitz 
images of a cube. 

Another crucial result in the proof of the liminf inequality is a modified version 
of the Korn's inequality in curvilinear coordinates. We refer to [9] for a survey 
on Korn's inequality on bounded domains and to [2] for an overview on standard 
Korn's inequalities in curvilinear coordinates. 

We first fix some notation. We recall that S = (0, 1) x (— i, |). For any e > 
and v e W 1 ' 2 (S;R 2 ) we set 



V f w := ( — - d s v 

\l-etk 



-d t v) (3.1) 



and we consider the subspace 

M e := \v e W 1 ' 2 {S;M 2 ) : sym(V e ulo) = o}- 

We remark that the expression sym(V £ i>-R ) represents the linearized strain asso- 
ciated with the displacement v o (ip e )~ 1 , where 

W(s,t) := 7(s) + etn(s) (3.2) 

for every (s,t) € S. Since M e is closed in W 1,2 (S; M 2 ), the orthogonal projection 

IL : W h2 {S;R 2 ) — > M e 

is well defined. We also introduce the set 

M := G W 1,2 (S';R 2 ) : d t v = 0, d s v ■ f = 0, d s (d s v-n) = oj, (3.3) 

which will play a key role in the proof of the Korn's inequality. 

The following characterization of the spaces M e and Mq can be given. 
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CC2 \ 




-2:3 \ 








a 3 J 


X2 ) 



Lemma 3.3. Let v £ Mq. Then there exist a\, 012, QJ3 £i such that 

«•<>=( 2 )+*U<?) («» 

/or every (s, i) G 5. 

Let v £ M e . Then there exist a\, 02, 023 S M suc/i i/iai 

«(-,*) = (* ~^) } )-rf«i7t-) (3-5) 

/or every (s,t) £ 5. 

Proof. It is immediate to see that, if v £ Mq, then d s v = Sn for some constant 5, 
from which (3.4) follows. 

If v £ M e , then v o (i/' 6 )" 1 is an infinitesimal rigid displacement, that is, there 
exist ai, «2, 0:3 £ R such that 

(vo$yiy X2 , X3 ) = ( 

for every (cc 2 ,x 3 ) € tp e {S). This implies (3.5). □ 
Finally, we recall a lemma which is due to J.L. Lions. 

Lemma 3.4 (Lemma of J.L. Lions). Let U be a bounded, connected, open set in 
R™ with Lipschitz boundary and let v be a distribution on U. If v £ W ' (U) and 
d t v £ W- 1 ' 2 ^) for i = !,-■■ ,n, then v £ L 2 {U). 

We refer to [2, Section 1.7] for a detailed bibliography on this lemma. 
We are now in a position to state and prove a rescaled Korn's inequality in 
curvilinear coordinates. 

Theorem 3.5 (Korn's inequality). There exist two constants eo > and C > 
such that for any e £ (0,60)7 v S W 1,2 (S;M. 2 ), there holds 

(J rp 

\\v - n e (u)|| w i,2 (lS ) < — ||sym(V e w J R )|| L 2 (S) . (3.6) 

Remark 3.6. An analogous dependance of Korn's constant on the thickness of a 
thin structure has been proved, e.g. in [10, Proposition 4.1], in the case of a thin 
plate with rapidly varying thickness. 

Proof of Theorem 3.5. By contradiction, assume there exist a sequence [ef) and a 
sequence of maps (iP) C W 1,2 (S;R 2 ) such that ej —> and 

- Tl ei (v j )\\ w ., HS) > f ||sym(V e ,^o)|| i2(s) , (3-7) 

for every j £ N. Up to normalizations, we can assume that \\v 3 — II €j (v J )||wi>2(S) = 1. 
We also set <f>> := v ] - U C] (v j ). By definition (j>> £ W l - 2 {S; R 2 ), <j>> is orthogonal to 
M f . in the sense of W 12 , and 



|sym(V ej ^i? )!| L2(s) < 4 (3.8) 



J 

for every j. Since H^H^i^ = 1 for every j, there exists </> £ W 1,2 (S;M. 2 ) such that, 
up to subsequences, <fP — x 4> in W 1,2 (S; R 2 ). 

Let now u £ M . Then, there exists a sequence (vP) such that vP £ M e . for all 
j £ N and u J — > u in W 1,2 {S; R 2 ). Indeed, from Lemma 3.3, it follows that 

a 3 J V 72 
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for some a±, a^, G R. The maps u J given by 

u J := u — ejtSr 

have the required properties. Since ((ft , u J )\yi,2 = for any j G N, passing to the 
limit, we obtain that ((f), u)^i,2 = for every u G Mq; hence <f> is orthogonal to Mq 
in the sense of W 1 ' 2 . 

To deduce a contradiction we shall prove that the convergence of (cjP ) is actually 
strong in W^ 2 (S;R 2 ) and <f> G M . 
Indeed, since from (3.8) 

symiWe^Ro )n -> 0, ejSym(V £j </>^o )i2 -> and sym(V £i </> J !Ro )aa -> 

(3.9) 

strongly in L 2 (S), it is immediate to see that 

d s <y-T^0, d t <t> j -T^{), and— dtft-n^-O (3.10) 

strongly in L 2 (S). To show the strong convergence of </) J in W l ' 2 (S;M. 2 ), it remains 
to prove that d s <^ -n — > d s <p-n strongly in L 2 (S). By Lemma 3.4 and by the closed 
graph Theorem, it is enough to prove that 

dsft ■ n — > d s (f) ■ n and V(9 S J • n) — > V(<9 s </> ■ n) 

strongly in W~ 1,2 . Convergence of (d s 4P ■ n) is immediate as (<fP) is strongly con- 
verging in L 2 (S;M. 2 ). Strong convergence in W~ 1,2 (S; R 2 ) of (dtdsfo ■ n) follows 
from the identity 

dtd s <jj ■ n = d s (dt(/) j ■ n) + kd t <j) 3 ■ f 
and from (3.10). To prove convergence of {d s (d s <^ -n)) we notice that, by (3.8), 

i||a t (sym(V £j ^i?o)ii)lk-^(S) < - (3.11) 

for all jeff and by (3.9), 9 s (sym(V e ^'^)i 2 ) -> strongly in W'^iS). Fur- 
thermore, 

1 a i m xi~d t \ \ d t d s (t>> -t k{d s 4P -r) 

29 s (sym(V ei <^'Eo)i2) k d t (jy> -n 



1 — Cjtk 1 — £jtk 6j 

1 a fd s cj>> , fe(fl,^ ■ t) 



1 - ejtk s VI - tjtk) 1 - e,-# 

Then, using (3.10) and (3.11), we deduce 

d s {d s <p° ■ n) -> strongly in W" 1 ' 2 ^). (3.12) 

It follows that J — > <f> strongly in W 1 '' 2 (S;M 2 ) and, since H^ 7 1| vk 1 - 2 = 1 f° r an y 
j G N, also ||</>||iyi,2 = 1- On the other hand, by (3.10) and (3.12), <f> G M . Since 
is orthogonal to Mo in the sense of W 1 ' 2 , then </> must be identically equal to zero. 
This gives a contradiction and completes the proof. □ 

We conclude this section by proving a technical lemma. We recall that oj = 
(0,L) x (0,1). 

Lemma 3.7. Let (o£) C W~ 2a (Q,L), i = 1,2,3, and let f G W~ 2 ' 2 (oj) be such 
that 

afAT + Q&T2 + a£r 3 ^ / (3.13) 
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weakly in W 2,2 (w), as h — > 0. Then, there exist on G W 2,2 (0,L), i = 1,2,3, such 
that for every i 

ol\ ->> a, (3.14) 
weakly in W~ 2 ' 2 (0, L), as h — > 0, and 

f = aiN + a 2 T 2 + a 3 r 3 . (3.15) 

//, in addition, there exists g G L 2 (uj) such that f = d s g, then at G L 2 (0,L) for 
any i = 1,2,3. If f = 0, then on = for any i = 1,2, 3. 

Proof. For the sake of notation, throughout the proof we use the symbol (• , •) to 
denote the duality pairing between W~ 2 ' 2 (uj) and W ' (w). 

We recall that any a G W~ 2 ' 2 (0, L) can be identified with an element of the 
space W~ 2,2 (oj) by setting 

(a, 5) := (a, 5(s,-)) w - 2 , 2(0L) w 2,2 i0L) ds (3.16) 

» 

for any <5 € Cq?(oj) and extending it by density to Wq' (a;). Moreover, for any 
a G W~ 2 ' 2 (Q,L) and /3 G C(0, 1), we define the product a/3 as 

(a/3, (5) := (a, #5) = / (a, S(s,-)) w _ 2 , 2{QL)w 2,2 (0L) (3(s)ds 

J 

for every S G C^w). 

Let now tp G Wq 2 (0,L) and V G C 3 +2 {0, 1), with j G N. We claim that 

(ctf, <^V>) = 0. (3.17) 

Indeed, let (<p l ) C Cg°(0,L) be such that ^ -> tp in M /2 ' 2 (0,L). Then, 

(o?,^)= lim (a*,<p l dii>). 

I— >+oo 

On the other hand, 

(o£, 93^) = I d s (a%, <p l d\r V} W '-».'»(o ) £),w*' a (o,£) ds = 

» 

for any Z G N. Therefore, claim (3.17) is proved. 

By (3.13), for any tp G W 2 > 2 (0, L), ^> G C$ +2 (0, 1), we have 

i=2,3 

Claim (3.17) yields then 

(a^fcT + a\kr 3 - a h 3 kr 2 , (^V) -> (/, ¥>W- (3-18) 

Hence, choosing j ' = 1 we obtain 

(affcT + a 2 l fcr 3 - ajfcr 2 , tp^) -> (/, ^9 S V) (3.19) 

for any tp G W 2,2 (0, L) and V G C§(0, 1). 

Let now tp G W^ 2 (0,L), ^ G C^ +3 (0, 1). Taking tpd^ as test function in (3.19) 
and applying again (3.17), we deduce 

(-a'l(kT + k + k 2 N) - a h 2 (kT 3 + k 2 r 2 ) + a^(fcr 2 - fc 2 r 3 ), ^'"V) -> (/, ^' + V>, 
which in turn gives 

(-a5 l (fcT + fc + fc 2 /V)-a 2 l (fcT 3 + fc 2 T 2 )+aJ(fcT 2 -fc 2 T 3 ), ^) -> (/, pflty). (3-20) 
for any tp G W 2 < 2 (0, L), V G C$(0, 1). 
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Consider <j> £ Cg°(0, 1). By regularity of the curve 7, the map k(j) £ Cq(0, 1). 
Therefore, for any tp £ W ' (0,L) we can choose tpktp as test function in (3.20) 
obtaining 

(-a'l{kkT + k 2 + k 3 N) - a%(kkT 3 + fc'V 2 ) + a(j(fcfcr 2 - fc 3 r 3 ), tp(f>) -> (/, tpd 2 (k</>)) . 
On the other hand, by (3.13) 

(a<{N+ Oi h iU , <pk 3 0) -> (/, cpk 3 0), 
1=2,3 

and by (3.19) 

{oftkT + a h 2 kr 3 - a' 3 l kr 2 , tpk4>) -> (/, <pd a {h<t>)). 

Collecting the previous remark we deduce 

(at pk 2 ^) -> (/, ^(-d 2 (fc</>) - fc 3 - <W))) (3.21) 

for any p G VF 2 ' 2 (0,L), G C§°(0,1). 

Let now (j> £ Cq°(0, 1) be such that k 2 cj)ds = 1 (such (f> exists because k is not 
identically equal to zero in (0, 1)). Convergence (3.21) implies that 

a'l ai weakly in iy~ 2 ' 2 (0, L), (3.22) 

where 

(<*u <P)w-'.»(o,L),wS-*(p,L) = (/' <P(-^(H) - k 3 ^- d s {k~4>))) (3.23) 

for every <£> € Wq ' 2 (0, L). By definition (3.16) it is immediate to sec that, identifying 
a\, a,\ with elements of W~ 2 ' 2 (uj), we also have 

a\ ->> ot\ (3.24) 

weakly in W~ 2 ' 2 (uj). 

Let again tp £ V^ 2 ^(0,i), <\> £ qf(0, 1). Taking pkr 2 <j> and yT3<^ as test function 
respectively in (3.13) and (3.19) we deduce 

(afJV + a' 2 l T 2 + a' 3 l r 3 , <pkn<f>) -> (/, tpkr^) (3.25) 

and 

(affcT + a\kr 3 - a^r 2 , <^r 3 0) -> (/, </>d s (r 3 0)). (3.26) 
Summing (3.25) and (3.26) and using (3.24), we obtain 

(«2i fc <?V) -> (/> <£(&t 2 + d s (T 3 <f>))) - (ai, <pk-y 3 cf)) 

for any p 6 VK 2 ' 2 (0, L) and for any G C£°(0, 1). 

Choosing such that L k(f)ds = 1 and arguing as in the proof of (3.22), we 
deduce that 

a\ -± a 2 weakly in W~ 2 ' 2 (0, L), (3.27) 

where 

(«2, </>)w- a - a (o,£),w*. a (o,£) = (f, <p(kT 2 (j) + d s (T 3 cj)))) - (ai, ^730) (3.28) 

for any tp £ W 22 (0,L). 

Similarly, one can prove that 

a' 3 l a 3 weakly in W^- 2 ' 2 (0, L) 

where 

("3, <P)w- 2 ' 2 (0,L),W%> 2 (0,L) = 

(/, p(kr 3 <\> - d s {T 2 <t>))) + (ai, ^ 72 0) (3.29) 

for any p G W 2,2 (0,L). 

Combining (3.13), (3.24), (3.27), and (3.29), we obtain the representation (3.15). 
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If / = d s g, with g e L 2 (uj), then by (3.23) 

V>)w-^{o,l),w^{o,l) = / / 9ds(ds{k<t>) + k 3 4> + d s (k^))(p dsdx 1} 



JO 



for any tp G W ' (0, L). This implies that a\ G L 2 (0,L). Similarly equalities (3.28) 
and (3.29) yield a 2 ,a 3 G L 2 (0,L). 

Finally, if / = 0, by (3.23), (3.28) and (3.29) we deduce immediately that a, = 
for every i. □ 

4. Limit classes of displacements and bending moments and 
approximation results 

In this section we introduce some classes of displacements and bending moments, 
that will emerge in the limit models, and we discuss their properties and their 
approximation by means of smooth functions. 

We begin by introducing the limit class of the tangential derivatives of the tan- 
gential displacements 

G := (g G L 2 (w) : 3(v e ) C C 5 (uJ;R 3 ) such that d s v{ + d lV e • r = 0, 

d s v e ■ t = for every e > and g = lim d\v\ >, (4.1) 

where the limit is intended with respect to the strong convergence of L 2 (uj). In 
other words, if for every v G W 1,2 (ui; R 3 ) we consider the symmetric gradient e(v) G 
L 2 (lu; M 2 s * 2 ) of v, defined by 

e(v):=( lfR dl 2\ , Udsvi + d^-r) \ 

a function g G L 2 {uj) belongs to Q if and only if there exists a sequence (v e ) C 
C 5 (uJ;R 3 ) such that 

a ; ! S)-(S s 

strongly in L 2 (lo; M 2 * 2 ) as e ->• 0. 

Lemma 4.1. Lef g G L 2 (lo) and assume there exists a sequence (v e ) C W ' (a;; R 3 ) 
such that 

e(tO-(S o) ^ 
weakly in L 2 (w;M 2 y^) as e ->• 0. T/ien g £ G- 
Proof. Condition (4.3) can be rewritten as 

<h v i g weakly in L 2 (uj), (4.4) 

d s v{ + div e ■ t -± weakly in L 2 (w), (4.5) 
a s w e -r^0 weakly in L 2 (lu). (4.6) 

By Mazur's Lemma, we may assume that the convergence in (4.4), (4.5) and (4.6) 
is strong in L 2 (u!s). For every e, let u e G W 1,2 (uj), with 9 2 w e G L 2 (ui), be such that 
<9im c = u|. By (4.5) and by Poincarc inequality 

d s u e + v e ■ r - f d s u e dxi-f v e ■ t dxi -> (4.7) 
Jo Jo 

strongly in L 2 (uj). Let now v e G W 1,2 (a;) be such that d s v e = v e ■ r. Setting 

u e dxi — r v t dxi, 
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then u £ G M /1,2 (w) with d 2 u e G L 2 (u) for every e, (4.7) yields 

d s u e + v e ■ t -> (4.8) 
strongly in L 2 (u) and by (4.4) there holds 

djV ff (4.9) 

strongly in L 2 (u). 

We want to approximate w e and w e by smooth functions in such a way that (4.9) 
holds and the quantities in (4.6) and (4.8) are equal to zero for every e > 0. To this 
purpose, we first extend u e and v e to the set 

io 5 := (S,L + S) x (0,1), 

with < S < 4. For every e, we define 



v e (xi,s) := < 
and 



3 ' 

v £ (xi,s) in u, 

6v e (~ Xl ,s) - 8v e (-2xi, s) + 3v e (-3x 1: s) in (-6, 0) x (0, 1), 

6v e (2L - xx, s) - 8v e (3L - 2xx, s) + 3v e (4L - 3xx, s) in (L,L + 5) x (0,1) 



{u e (xi, s) in u, 

6u e (-.Ti, s) - 8w e (-2xi, s) + 3u e (-3a;i, s) in (-5, 0) x (0, 1), 

6u e (2L - xx, s) - 8u e (3i - 2 Xl , s) + 3u e (4i - 3x u s) in (L, L + 5) X (0, 1). 

Clearly, v e and M e are extensions of v e and it e , respectively, to Wj. Moreover, u e G 
W 1,2 (wi) with <9 2 u e G L 2 (u s ), v e G W 1>2 (cJi) and both (4.6) and (4.8) still hold in 

Furthermore, defining 

!g(xi,s) in u, 

6g(-x u s) - 32flr(-2a;i, s) + 27g(-3xi, s) in (-5, 0) x (0, 1), 

6g(2L - xx, s) - 32 5 (3L - 2xx,s) + 27g{AL - 3xx,s) in (L, L + 6) x (0, 1) 

we have that g G L 2 {us), g = g a.e. in u, and 

dfu e -> g (4.10) 

strongly in L 2 (us). 

We set wf := w e • n and w| := w e • r. For every e, let zJj G C°°(w5) be such that 

\\vt-vl\\ wl ,2 (us) <Ce. (4.11) 
Let now G C 5 (ZJs) be the solution of 

d s lf s = kv\ in u s , (4.12) 
satisfying Jq 1 uj(aii, s)ds G C°°(— <5, 1/ + <5), with 



uj(a;i, s)ds — / w|(xi, s)ds — > 
Jo Jo 

strongly in L 2 (—6, L + S). By (4.12) we deduce 

\\dM - vt)\\ LHus) < \\k(vt - vi)\\ L * M + \\kvl - d s vl\\ L2M . 
Hence, owing to (4.6) and (4.11), 

115^-^)11^)^0. (4.13) 
By Poincare inequality we deduce 

\K-vlh^ s) ^o. (4.14) 
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Finally, let u e £ C 6 (ljs) be such that 

a s u e + tj^ = inwj, (4.15) 
with u e (x 1 ,s) ds e C°°{-5, L + S) and 



l _ f 1 „ 

u e (xi,s)ds— / u'fi^sjds^O 
'o Jo 

strongly in L 2 (—5, L + 6). By (4.15) we have 

\\d s (u £ -u £ )|j L 2 (tJa) < \\d s u e +vl\\ L 2 iuJs) + \\v e s -lf s \\ L 2 M . 
Therefore, by (4.8) and (4.14), 

d s (u e -u e ) 

strongly in L 2 (uis). Hence, by Poincare inequality 

u e - u e (4.16) 

strongly in L 2 (u>s). 

To have convergence of the second derivative in the x\ variable of the sequence 
(u e ), we regularize both (u e ) and (v e ) by mollification in the x\ variable. Let p £ 
Of (-A, A) with < A < S. Defining 

^(xijs) := (w e (-,s) * p)(xi), 
u e (x!,s) := (u £ (-,s) * p)(xi), 

for a.e. (x\,s) £ u) and for every e > 0, we have (v$) C C°°(aJ), (w £ ) C C 5 (uJ), and 
(w e ) C C e (uJ). By (4.12) and (4.15), we deduce 

d s vl = kvl and d s u e + vl — 0. 

Moreover, by (4.16), 

<9 2 (u e - (u e (-,s) * p)) = (u e (-, s) - w e (-, «)) * p" -> 
strongly in £ 2 (w) as e — >■ 0. On the other hand, by (4.10), 

df(u e {-,s) *p) = d 2 u e (-, s)*p-^ g(-, s) * p 
strongly in L 2 (lo) as e — > 0; hence 

^i 2 u £ -tg(-,s)*p 

strongly in L 2 (lu) as e — > 0. 

The conclusion of the lemma follows considering a sequence of convolution kernels 
in the x\ variable, and applying a diagonal argument. □ 

Remark 4.2. An equivalent characterization of Q is the following: 

Q = {.g e £ 2 H : 3(u £ ) C C* 5 (w), (z e ) C C* 4 (w) such that 

<9 2 u c = kz e for every e > and g = limdiuj, (4.17) 

where the limit is intended with respect to the strong convergence in L 2 (w). 

Indeed, let Q' be the class defined in the right-hand side of (4.17). If g £ G, 
setting u e = v\ and z e = — d\v e ■ n for every e > 0, it is easy to check that g £ Q' . 
Viceversa, if g £ G' , it is enough to define 

v e (x!,s) = u £ {x 1 ,s)e 1 - / (<9 s u e (£, s)r(s) + z e (£, s)n(s))d£, 
Jo 

for every (xi,s) £ uj and for every e > 0. The conclusion follows then by Lemma 
4.1. 
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Remark 4.3. The class Q is always nonempty as it contains all functions g £ L 2 (tu) 
which arc affine with respect to s. Indeed, assume there exist do, ai £ L 2 (0, L) such 
that 

g(xi, s) = oo(xi) + sai(xi) 
for a.e. (xi,s) £ ui and let a, £ W 1,2 (0,L) satisfying a[ = a i: i = 0, 1. Then there 
exists (af) C C°°(0, L) such that a\ -» a, strongly in W 1,2 (0, L) as e -> 0, i = 0, 1 
and setting 

u e (xi, s) := ao(xi) + sa^i) 
for every (xi, s) £ w and z e = for every e > 0, the claim follows by Remark 4.2. 

We also remark that if g £ L 2 (u>) and there exist 0*4 £ £ 2 (0, L), i = 1,2, 3, such 
that 

<9 s .g = a±N + a 2 r 2 + a 3 T 3 , (4-18) 
then g £ Q. Indeed, by (4.18) there exists ay £ L 2 (0,L) such that 



g = ai N(()d£ + a 2 j 2 + a 3 l3 + ai- 
Jo 

Let Si £ I4 7l ' 2 (0,l/) be such that ol { = a, for i = 1,2,3. Then, setting 
u := Si / N(£)d£ + $272 + 3:373 + "4, 



we have that u € PF 1 ' 2 ^), € L 2 {lu) for i = 1, • • • ,6, and the map z £ M /1,2 (w), 
with d\z £ L 2 (uj) for i = 3, • • • ,5, defined as 

z := — 2iT — S 2 t 3 + S 3 r 2 , 

satisfies <9 2 w = fcz. For every i = 1, ••■ ,4 there exists a sequence (af) € C°°(0,L) 
such that af — ► Si strongly in W 1,2 {Q, L), as e — > 0. Hence, defining 

u e := a\ f N(£)d£ + a f 2l2 + «|73 + a\, 
Jo 

z e := ~a\T - a 2 r 3 + a%T 2 , 
we have d±u e — > g strongly in L 2 (u;), <9 2 w e = kz e for every e > 0, and both sequences 
(u £ ) and (z e ) have the required regularity. 

Remark 4.4. The structure of the class Q depends on the behaviour of the curva- 
ture k of the curve 7. 

For instance, if k vanishes only at a finite number of points, then Q = L 2 (io). 
Indeed, let = po < Pi < ••• < p m = 1 be such that fc(s) 7^ for every s £ 
(j>i,Pi + i), i = 0, ••■ ,m — 1. For any g £ L 2 (u>) there exists a sequence (g e ) C 
C o °°((0,L) x (J™" 1 ( Pi , Pi+1 )) such that g e ~> g strongly in L 2 (ui). Choosing 

/•Xi 

u e (x!,s) = / g e (£,,s)d£_ 
Jo 

for every s £ (0, 1), then (u £ ) C C°°((0, L) x (0, 1)) and for every e > there exists 
X e > such that 

2A £ < min (p i+1 - p 4 ) 

i— 0,-" ,m — 1 

and 9 2 u £ =0 in 

|J ((p J ,p J + A e )U( Pi+ i-A e , K+ i)). 

z— 0,'" ,m— 1 

Setting 

z e = / T~ in x Ullo 1 + - A £ ), 

1 otherwise 
we deduce immediately by Remark 4.2 that g £ Q. 
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Assume instead that the sign of k has the following behaviour: there exists a finite 
number of points = po < p\ < ■ ■ ■ < p m = 1 such that, for every i = 0, • • • , to — 1, 
k(s) > for every s £ (pi,Pi+i), or k(s) < for every s £ (j>i,pi+i), or k(s) = for 
every s £ (j>i,pi+i). In other words, 

{s e [0, 1] : k(s) = 0} = |J U |J 

with Ii C {1, ■ • • , m}, I 2 C {0, ■ • • , m} disjoint. Then 

:= jg £ L 2 (lo) : g is affine in the s variable in (0,i) x (pi,p i+ i)^. (4.19) 

In particular, if k = on [0, 1], it follows that Q is the set of all functions g £ L 2 (tu) 
that are affine in the s variable. 

To prove (4.19), assume for simplicity that to = 2 and {s £ [0, 1] : k(s) = 
0} = [pi,f>2]- Let g be affine in the s variable in (0,L) x (pi,p 2 ). Then, there exist 
a, 6 £ L 2 (0, L) such that 

g(xi,s) = a(xi) + sb(xi) 

for a.e. (x\,s) £ (0, L) x (p 1 ,p 2 )- Let now < 6 < ^ and let e > 0. Arguing as in 
the proof of Lemma 4.1, we extend g to the set 

u s := (S,L + S) x (-6,1 + 6) 

and we define 



a(xi) + sb(xi) in (0, L) x (pi — e,p 2 + e), 
g(xi, s) otherwise in uj 5 . 



It is easy to see that g e — ?> g strongly in L 2 (ui ) and d 2 g e = in the sense of 
distributions in the set (0, L) x (px ~ e 7 p 2 + e) for every e > 0. 

Fix e, let < A < § and let p £ Cg°((-A, A) 2 ). We set g e := g e * p. Then 
g e £ C°°{o3) and 5 2 g £ = in (0, L) x ( Pl - X,p 2 + A). Defining 



u c (xi,s) = / <f(£,s)d£, 
Jo 

then u e £ C°°(a7) and d 2 u e = in (0, L) x (j>! — \,p 2 + A). Hence, setting 

e f° a in (0,i) x ( Pl - A,p 2 + A) 
] otherwise, 

the claim follows by Remark 4.2, considering a sequence of convolution kernels and 
applying a diagonal argument. 

An easy adaptation of the previous argument leads to the proof of (4.19) in the 
general case. 

From here to the end of the section we shall assume that 

3 lira ttt := A and 3 lim ^ := u. (4.20) 

h->o ft 2 h^a h 3 

For any < (J, < +oo, we introduce the class 

C M := | (.g,fe) £ L 2 (w) x i 2 (w) : 3w £ L 2 (w;M 3 ) such that 

d s v £ L 2 (w;R 3 ), d s v ■ r = 0, <9 s (<9 s w • n) = 6 and <9 2 v • r + /z9 s g = oj, (4.21) 

where the last two equalities hold in the sense of distributions. 
For /i = 0we set 

Co := x B, (4.22) 
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where 

B := 1 6 G L 2 (w) : 3v G L 2 (ui;M. 3 ) such that 

d s v G L 2 (lo,R 3 ), 8 s v-t = 0, <9 s (<9 s u ■ n) = b and dfv ■ t = o|, (4.23) 
and again the last two equalities hold in the sense of distributions. 

Remark 4.5. Let b G B and let u be as in (4.23). Then the tangential component 
v ■ t belongs to W 3,2 (uj). Indeed, since d s (d s v ■ n) = b and d s v G L 2 (u>;M. 3 ), we 
deduce that d 2 (v ■ n) G L 2 (uj). Since 9 s i> ■ r = 0, we have <9 s (v • r) = fc(u ■ n) 
and then 9 2 (i> • r),d 3 (v ■ t) G L 2 (uj). By the last condition in (4.23), we have 
dx{v ■ r) G W- 1 ' 3 ^), <9 2 (u ■ t) G L 2 (w) and dsd^v ■ t) = d x d s (v ■ r) G W'- 1 ' 2 (w). 
Therefore, by Lemma 3.4, d\(v-r) G L 2 (lo). Arguing analogously, by Lemma 3.4 we 
also have that d\d s (v ■ t) g L 2 (uj), therefore v ■ t <E W 2 ' 2 (oj) with 9 3 (w • r) G L 2 (io). 
Applying again Lemma 3.4, it is straightforward to see that v ■ r G I^ 3 ' 2 (w). On 
the other hand, we have no regularity conditions on the derivatives with respect to 
X\ of the normal component of v. 

In the case where [i 7^ 0, if (g, b) G C M and v is as in (4.21), then the regularity 
of v ■ t and v ■ n with respect to s is the same as in the previous case. It is still true 
that di(v ■ t) G L 2 (lj) but, in general, one cannot guarantee that v ■ r G W 2 ' 2 (uj). 

Remark 4.6. A function b G L 2 (u) belongs to B if and only if there exists a 
function G L 2 (uj; R 3 ), with <f>-r G I¥ 3 > 2 (w), 0-ei G W 1 ' 2 ^) and d a (</>-ri), <9 2 (</>-n) G 
L 2 (w), such that 

e(0) = (4.24) 

and 

d s {d s (j)-n) = b. (4.25) 
In other words, </> is an infinitesimal isometry of the cylindrical surface 

E := {siej + 7 (s) : a* G (0, L), s £ (0,1)} 

satisfying (4.25). 

We first observe that the regularity of <f> is sufficient to guarantee that e (</>), 
defined as in (4.2), belongs to L 2 (uj; M 2 *^). Moreover, if b G L 2 (uj) and w is as in 
(4.23), then there exists v\ G W x ' 2 (oS) such that 

f divi = 0, 

\ d s v 1 = -d x v ■ t. 

The map 4> := V\e\ +v satisfies (4.24) and (4.25). The converse statement is trivial. 

Similarly, a pair (g, b) G L 2 (u) x L 2 (ui) belongs to C M if and only if there exists 
a function (f> G L 2 {co;R 3 ) with </> • r G W 1 ' 2 ^), d 2 (4> ■ r), <9 3 (</> • r) G £ 2 (w), f eiG 
W 1 ' 2 ^) and <9 S (^ • ™),<9 2 (</> • n) G i 2 (w), such that 

«♦>-(? o) 

and 

d s (d s (f) ■ n) = b. 

Remark 4.7. As in the case of the class Q introduced in (4.1), the structure of B 
and depends on the behaviour of the curvature k of 7. 

For instance, if k = on [0, 1], then B = L 2 (uj). Indeed, condition (4.24) implies 
in this case that there exist some a, (3,S G K such that 

4>(xi,s) = (as + (3)ei + (—ax\ + 8)t + (f> t (xi 7 s)n 
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for a.e. (xi,s) £ oj, while condition (4.25) reads as d 2 4>t = b. Hence B = L 2 (ui). 
Similarly, it can be deduced that C M = {g £ L 2 (ui) : g is affine in s} x L 2 (uj). 
If, instead, k(s) ^ for every s £ [0, 1], then B = {b £ L 2 (uS) : b is affine in xi}. 

We conclude the section by proving some approximation results. The first result 
concerns the class C M in the case fi ^ 0. 

Lemma 4.8. Let {g,b) £ C M with /i ^ 0. Then, there exists a sequence (</> e ) C 
C 5 (w;R 3 ) such that 

strongly in L 2 (w;Mg^) as e — > and 

d s (d s (j) e ■ n) 

strongly in L 2 {uj) as e — > 0. 

Remark 4.9. By Lemma 4.8 it follows, in particular, that if (g, b) £ with /i ^ 0, 
then g £ Q. 

Proof of Lemma 4-8. Without loss of generality we may assume that /i = 1. By the 
definition of C M and by Remark 4.6 there exists <S £ 2 (w; K 3 ) with 0- r £ W x ' 2 {lo), 
d 2 ((f> ■ t), <9 3 (0 • r) £ L 2 (lo), (p-e 1 £ W 1 ' 2 ^) and d a {cj) ■ n), d 2 s {<j) ■ n) £ L 2 {u), such 
that 

e(0) = ( I I) (4.28) 

and d s {d s 4> ■ n) = b. By (4.28) it follows that 

di4> ■ t + d s 4>i = 0. (4.29) 

Hence, there exists u £ W 1,2 (uj), with d\u £ W 1,2 (uj) such that d\u = <fri and 

(/) ■ t + d s u = (4.30) 

holds in the sense of L 2 (co). Indeed, by (4.29), if u £ W 1,2 (lo) satisfies diu = (pi, 
there exists ip £ W /1 ' 2 (0, 1) such that 

(j) ■ t + d s u = ip. 

Defining u := u — tp, then u has the required properties. 

We set v = ((f>- t)t + (<f> ■ n)n. For the sake of simplicity, we divide the proof into 
two steps. 
Step 1. 

We claim that we can always reduce to the case where u £ W A ' 2 (w), v s := v ■ t £ 
W 3 ' 2 (u}), and v t :— v ■ n £ W 2 ' 2 (w), with d\u,d\v t ,d\v s ,d\g £ L 2 (lo) for every 
i £ N. 

Let < 5 < f . Ar guing as in the proof of Lemma 4.1 we may extend u and v to 
the set 

ue := (S,L + S) x (0,1) 

in such a way that, denoting by v and u the extended map and setting g = d 2 u 
and b = d s (d s v ■ n) in uj$, then g and b are respectively extensions of g and b to 
los- Moreover, u £ W 1 ' 2 (u s ) with diu £ W 1 ' 2 (lo s ), v s £ W 1 ' 2 (u s ) with d 2 v s ,d^v s £ 
L 2 (oj s ) a,ndv t ,d s v t ,d 2 v t £ L 2 (uj s ). Finally, by (4.28) and (4.30), (u,v) solves 

d s v ■ t = and v ■ r + d s u = in cog. 



Hg 




(4.26) 



(4.27) 
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We now mollify the functions u,v,g, and b with respect to the x\ variable. Let 
< e < 5, let {p e ) C Cq°(— e, e) be a sequence of convolution kernels and let 

( u c (xi,s) := (u(;s) *p e )(x!), 
v e (x!,s) := (v(-,s) * p e )(x!), 
b e (x u s) :=(b(; S )*p*)(x 1 ), 
I g e (xi,s) := (<?(•, s) *p £ ){xi) 
for a.e. (x\, s) G lu and for any e. Then (m 6 ,^ 6 ) solves 

d 2 u e = g e , d s v c ■ t — 0, u e • r + <9 s w c = and d s (d s v e ■ n) = b € 

in lu for every e. Moreover b e — > b in L 2 (ui) and g e g in L 2 (lv). Now, (^1) C 
Vy 3 ' 2 (w) and C V^ 2 ' 2 (w) with (dfvj), C L 2 (w) for every i G N. Therefore, 

(0 s u e ) C W 3 ' 2 (w). Since (dji?) C L 2 (w) for every i G N, then (u e ) C W 4 ' 2 (w) and 
the proof of the claim is completed. 
Step 2. 

Assume now that u G W 4 ' 2 ^), v s := v ■ t e W 3 - 2 (u>) and v t := v ■ n G W 2 ' 2 (uj), 
with d\u,d\vt,d\v s ,d\g G L 2 (uj) for every i G N. Since v t G W 2 - 2 (lj) there exists a 
sequence (v%) C C°°(cJ) such that 

v e t -> wt (4.31) 

strongly in W 2 ' 2 (uj). 

Let G C 5 (uJ) be the solution of 

d s v e s = kv\ (4.32) 
in u), with J Q i>|(a;i, s) (is G C oo ([0, L]) for any e > and 

(4.33) 



v e s (xi, s) ds — > / v s (xi,s)ds 
Jo Jo 

strongly in W 3 ' 2 (0, L). By Poincare inequality, we deduce 

\\v e s -v s \\ L 2 {u) <C[ / (v e 8 -v s )ds +\\k(vl-v t )\\ L 2 {ui) ) 

and hence, by (4.31) and (4.33) 

v\ — ;> w s and 9 s Wg — > 9 s w s 
strongly in L 2 {u>). Let w e G C 6 (uJ) be the solution of 

d s u e + v e s = 
inu, with Jg 1 u e (a;i, s) ds G C°°([0, £]), 



u e (a;i, s) ds — > / u(xi,s)ds 
Jo Jo 

strongly in W 4 ' 2 (0, L). By Poincare inequality, 

\\%d a {u*-u)\\» {u) = \\%(v e .-v a )\\ L , M 



(4.34) 
(4.35) 

(4.36) 



«1 

( / d 2 M-v s )ds + \\kd 2 M-vt)\\L^)) 



which converge to zero due to (4.31) and (4.33). Hence, by (4.36) and by Poincarc 
inequality 

d 2 u e -> d\u = g (4.37) 

strongly in L 2 (uj). Defining 

4> e := diu e ei + v e , 
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then (4.26) follows by (4.32), (4.35) and (4.37). Moreover 

d s (d s <t> e ■ n) = d 2 s vt + kvl + kd a v\. 

Therefore, (4.27) follows from (4.31) and (4.34), and the proof of the lemma is 
completed. □ 

The next lemma provides an approximation result for the elements of the class B 
introduced in (4.23). We require an additional condition on the sign of the curvature. 

Lemma 4.10. Assume there exists a finite number of points = po < p\ < ■ ■ ■ < 
p m = 1 such that, for every i = 0, • • • , m — 1, k(s) > for every s G (p,,pj_|_i), or 
k(s) < for every s G (jPi,Pi+i) or k(s) = for every s G (pi,pi + i). Let b G B. 
Then, there exists a sequence (4> e ) C C 5 (ZU;R 3 ) such that 

e{4> e ) = for every e > (4.38) 

and 

d s (d s (/) e -n) -> b (4.39) 

strongly in L 2 (uj) as e — > 0. 

Proof. By definition of B there exists v <G L 2 (w;lR 3 ), with d s v € L 2 (uj;M. 3 ), such 
that 

d s v-r = 0, (4.40) 

d s (d s vn) = b, (4.41) 

d\v ■ t = 0. (4.42) 

Arguing as in Step 1 of the proof of Lemma 4.8, we may extend both v and b to 
the set uis '■= (—5, L + 5) x (0, 1) for < S < 4 and, up to a regularization in the 
x\ variable, we may assume that Vt := V ■ n G W 2,2 (w), u s := v • r G H^ 3,2 (w) and 
d\vt, d[v s , d\b G L 2 (u>) for every i 6 N. Moreover, by (4.42) there exist cto,ai G 
W 3 ' 2 (0,1) such that 

v s (x!,s) = a (s) +x 1 ai(s), (4.43) 

for a.e. (x\, s) G u. 

Let Z:={sG [0, 1] : fc(s) = 0}. By assumption, Z is the union of a finite number 
of intervals with a finite number of isolated points. For simplicity, we divide the 
proof into three steps. We first consider the case where Z is a finite union of points. 
In the second step, we assume Z to be a finite union of closed intervals and in the 
third step we study the general case. 
Step 1. 

Assume that Z = \J ieI {pi} for some I C {0, • • • , m}. By (4.40) and (4.42), we have 

kd 2 v t = 

a.e. in w, which in turn gives 

d\v t = (4.44) 

a.e. in w. Hence, by (4.40), (4.43), and (4.44), there exist S W 2 ' 2 (0, 1) such 

that 

vt(x 1: s) = /3 {s) +x 1 /3 1 (s) and a^s) = fc(s)ft(s), i = 0, 1, (4.45) 
a.e. in oj. Therefore there exist two sequences (/3g ),(/3f) C C°°([0, 1]) such that 

& e -> Pi (4.46) 
strongly in Vy 2 ' 2 (0, 1), as e -> 0, for i = 0, 1. Let a\ G C 5 ([0, 1]) be the solution of 

a\ = kpl in (0, 1) (4.47) 
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such that a\ ds = ai ds for every e, for i = 0, 1. By Poincare inequality, we 
deduce 

K-ailU»(o,i) <<WI-A)IUw)> 

hence (4.46) and (4.47) imply 

af -> a 4 (4.48) 
strongly in W ll2 (0, 1), i = 0, 1. Taking <j)\ G C 6 ([0, 1]) to be a solution of 

4>l = -a\ (4.49) 

for every e and setting 

<p e := 0|ei + K + iciaf )t + (#j + a:ij8f)n, 

we have that e € C 5 (w,]R 3 ), (4.38) holds owing to (4.47) and (4.49), while conver- 
gence (4.39) is a straightforward consequence of (4.41), (4.43), (4.45), (4.46) and 
(4.48). 
Step 2. 

Assume that Z = [pi,l], with < pi < 1. By (4.40) and (4.42), d\v t = in 
(0, L) x (0,pi). Arguing as in the proof of Lemma 4.1, we define ui s := (—5, L + 5) x 
(—5, 1 + 5) and we extend v t to the set ui s for a suitable S > in such a way that 
v t G iy 2 < 2 (cj 5 ) and d\v t =0 in (-5, L + x (-*,pi). 

We slightly modify the map v t close to the point p\ so that it remains affine with 
respect to x\ in a neighbourhood of this point. More precisely, for e < |, we set 

v|(a;i, s) := «t(a?i, s — e) in w 5 . 

It is easy to see that (vf) C W 2 ' 2 (u)i), moreover 

v\ —± Vt, d s vl — > d s v t and d 2 vl — > d 2 v t 

strongly in I 2 (u 5 ) as e — > and 

dfv e t =0 in (-5,L + S) X (- e , Pl + e ). 

To conclude, we regularize the sequence (v%) by mollification. Let < A < e and 
let p G (7o°((— A, A) 2 ). Defining v| := w t e * p, we have that v e t G C°°(uJ) and 

S 2 5| =0 in (0,L) x (0,pi). (4.50) 

Considering a sequence of convolution kernels and applying a diagonal argument 
we may also assume that 

vl -> w t , 9 s Wt -> d s v t and <9 2 ^ e -> 9 2 f t (4-51) 

strongly in L 2 (uj) as e — > 0. 

By (4.50), for every e we may choose a map vl € C^w) such that 

(9 s wJ = kv^:, d 2 v e s = and / vl ds = I v s ds in lo. 

Jo Jo 

The conclusion of the lemma follows now arguing as in Step 1. 

The same argument applies to the case where Z = [0,pi], with < pi < 1, 
choosing 

vl {x\, s) := Vf(xi, s + e) in lu? 
and arguing as in the previous case. 

Finally, assume that Z = [pi,P2] U [p3, 1] with < p\ < P2 < P3 < 1. Let 
y> G Cq°(R) with < tp(s) < 1 for every set. <p(s) = 1 for all s e [p 2 ~ f),pi + rj\ 
and y (s) = for s < j»i + 77 or s > p^ — i] for some 77 > such that r\ < min{pi , p 2 — 
PiiP3 ~ P2, 1 — P3}- The argument shown at the beginning of this step applies now 
choosing 

vl(xi,s) := (1 - ip(s))v t (xi,s - e) + (p(s)v t (xi,s + e) in w% 
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for e small enough. 

The case where Z is a finite union of disjoint intervals is a simple adaptation of 
the previous cases. 
Step 3. 

Consider now the general case and assume there exist I\ C {1, •■■ ,m}, I2 C 
{0, • ■ • , m} disjoint such that 

Z= |J [jX-l,Pi]U IJ{k}. 

Then 9j«t = a.e. in (0, L) \ (^[J ieIl [pi-i,Pi]j and the thesis follows arguing as in 
Step 2. □ 



5. Compactness results 

In this section we deduce some compactness properties for sequences of deformations 
(y h ) satisfying the uniform energy estimate (2.5). 

Assumption (H4) on W provides us with a control on the L 2 distance of the 
rescalcd gradients from SO(3). Applying Theorem 3.1 on a scale of order Sh, we 
can construct a sequence of approximating rotations (R h ), whose L 2 distance from 
the rescaled gradients is still of order eh- Because of the different scaling of the 
cross-section diameter and the cross-section thickness the approximating rotations 
turn out to depend both on the mid-fiber coordinate x\ and on the arc-length 
coordinate s. Moreover, the derivatives of (R h ) in the two variables have a different 
order of decay, as h — > 0. 

More precisely, we have the following result. 

Theorem 5.1. Assume that — > 0. Let (y h ) be a sequence of deformations in 
W 1,2 (fl;M. 3 ) satisfying (2.5). Then, there exists a sequence of constant rotations 
(P ) and a sequence (R h ) C C°°(lJ; M 3x3 ) with the following properties: setting 
yh ._ ^ph-yTyh _ c h ^ w y iere j g an y se q uenC e of constants in M 3 , for every h > 
we have 

\\V h , Sh Y h RT -R h \\ LHQ) <Ce h , 

J {v KSh Y h Rl - (V h j h Y h R%) T ) d Xl dsdt = 0, 

R h (xi,s) £ 5*0(3) for every (xi,s) G uj, 
\\R h -Id\\ L2(u) <C^, 

Oh 

\\diR h \\ L ^u) < C^, 

Oh 

\\d s R h \\L 2 (u)) < . 

Oh 

Proof. By (2.5) and (H4), the sequence (y h o (ip h )~ 1 ) satisfies 

/ dist 2 (V(/ o (i() h )~ 1 ), SO(3))dx < ChS h e 2 h . (5.7) 
Jn h 

Let us consider the sets 
4 := {xi ei + fc 7 («) + S h tn(s) : x% G 

se(^^l),te( 



(5.1) 
(5.2) 

(5.3) 
(5.4) 

(5.5) 
(5.6) 



2 ' 21 j ' 
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where rj h = [■£■], k h = [^-] andi = (ii,i 2 ), withii = 0, • • • , r) h - 1, i 2 = 0, • • • , fcfc - 1. 
By Theorem 3.1 and Remark 3.2 there exist a sequence of constant rotations 
(Qh) C SO (3) and a constant C independent of h and i satisfying 

\V(y h o(^ h )- 1 )-Q l h \ 2 dx < C f dist 2 (V(y h o(t/j h )- 1 ),SO(3))dx. (5.8) 



To see that C does not depend on h, we first notice that each set A h has the same 
rigidity constant of the set A\ that is obtained by a uniform dilation of A\ of factor 
j- h . Defining ^ : (0, l) 3 — > ^ as 

= (^^, A 7 (^) + (t- i)n(^)), 

we conclude that the sets A l h are the image of the unitary cube through a family of 
uniformly bi-Lipschitz transformations. Therefore by Remark 3.2 the constant C is 
the same for every i and for every h. 

Let Q h : lu — > 50(3) be the piecewise constant map given by Q h (x\, s) := Q h 
for {x x ,s) g ( i ^. iii ^)x(lt' 1 Tr i ) whereii = 0,..- and i 2 = 0,--- 

1. Summing (5.8) over i, changing variables and using (2.4), we deduce that 

I \V KSh y h Rl - Q h \ 2 dx <C [ dist 2 (V K&h y h Rl, SO(3))dx. < Ce 2 h . (5.9) 
Jn Jn 

Consider the set 

Bl := {x 1 e 1 + hr/(a) + S h tn(s) : x x e ((*i - 1)^, (h + 2)^), 

S6 ((i 2 -l)^(i 2 +2^),t6(-i,i)} 1 

for ii = 1, • ■ ■ , r//j — 2, i 2 = 1, • ■ • , fc/j — 2. and for every /i > 0. Applying the 
rigidity estimate to the sets B h we obtain that for every (zi,i 2 ) there exists a map 
Qi C 50(3) satisfying 

|V(/ o {i^)- 1 ) - Qlfdx < C [ dist 2 (V(/ o (V/)" 1 ), SO(3))dx. 



Let now jk be an integer in the set {ik — 1, ik, ife + 1}, k = 1, 2 and let j = (ii, j 2 ). 
Since C B^, there holds 

£ 3 (4)lQ fe (^r- ft) - Qi\ 2 < 2 / . lo*^, ft) - v(/ ° (^r^dx 



+ 2/ \W(y h o(^ h )- l )-Qi\ 2 dx<C [ dist 2 (V(/o(^)- 1 ),50(3))dx. 

(5.10) 

Then, by (5.7) we have 

£3(4)|Q*(^, igl) - Q,(^, ^)| 2 < CT^e 2 , (5.11) 

for any i x = 1, • • • % - 1, i 2 = 1, • • • fe h - 1. 

We first extend the map Q h to the strip R x (0, 1) by setting 

( Q h (0,s) it(x u s) e (-oo,0) x (0,1), 
Q h (L,«) if (xi, s) <G (L, +00) x (0, 1), 



Q h (xi,s) 
and then to the whole K 2 by 
Q h (x uS )=l 



Q h (xi,Q) if (xi,s) GMx (-oo,0), 
Q h (a;i,l) if (ii,s)elx (1, +00). 
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Since Q h is constant in each set A z h , inequality (5.11) yields 

\Q\ Xl + £,8 + A) - Q h ( Xl , s)\ 2 < C^§- (5.12) 

°h 

for every (xi,s) £ lo and for |£| < — , |A| < Moreover, since Q h is piecewise 
constant, (5.10) and (5.11) imply 

|Q' l (x 1 +e,.s + A)-Q' l ( a ; 1 , S )| 2 ^ 1 d S 

ni, (n+i)£\ 1 22. i2±i) 

-&f* ^ t {^y h °^ h )~ 1 )'SO(3)), (5.13) 

^ h 

for every i x = 1, • • • , % - 2, i 2 = 1, • ■ ■ , kh — 2. 

Let now w' CC w. For /i small enough, there holds lo' C x (^-, 1— -^-). 

Hence, by (5.7) and (5.13), since x € fi/, belongs to at most 9 sets of the form B z h , 
summing over the i' k s, we deduce 

/ \Q h (x 1 +^s + \)-Q h (x 1 , S )\ 2 dx 1 ds<Cel (5.14) 

for all \£\<& h , |A| < ft. 

To obtain a C°° sequence of rotations, we regularize (Q h ) by means of convo- 
lution kernels. Let r) e C§°(0,1), r? > 0, ii{s)ds = 1. We define p h (£,A) := 
jrr)(4- )v(¥ i ) f° r cvcr y £ 6 (0,<5/j),A e (0, ft) and we notice that, for h small 

ft h h 

enough, supp ip h is contained into a ball whose radius is smaller than the distance 
between lo' and the boundary of lo. 

Setting Q h := Q h * ip h , by Holder inequality and (5.14) we have 

\Q h {x u s) - Q h {x u s)\ 2 d Xl ds < Ce 2 h , 

which implies that 

\\Q h -Q h \\L^) <Ce h (5.15) 
since the constant C does not depend on the choice of lo'. Analogously we obtain 

\\diQ h \\ LHu) < (5.16) 

Oh 

and 

\\d s Q h \\ L 2 {u) < C^. (5.17) 

Oh 

Finally, let U be a neighbourhood of SO(3) where the projection n : U — ► 50(3) 
is well defined and regular. By (5.12), we deduce 

JJ2 u 2 l 2 

\Q\x u s) - Q h (x 1 ,s)\ 2 < II^H 2 i2((0A)x(0it)) i < C^, (5.18) 

for every ( X \, s) <G lo. Since |k — > 0, Q' 1 £ [/ for h small enough and, thus, we can 

define R h := n(Q /l ). It is immediate to see that, for every h > 0, R h satisfies (5.3). 
Furthermore, by (5.16) and (5.17) and by regularity of II, (5.5) and (5.6) hold. By 
definition of R h , 

\\R h -Q h \\L^) < \\Q h - Q h \\L*( u) (5.19) 

therefore (5.1) follows from (5.9) and (5.15). 
By Poincarc inequality, given 



R h := j- R h dx 1 ds, 
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(5.5) and (5.6) yield 

\\R h -T?\\L*(u,)<C\\VR h \\ L * (ui) <C^-. 

This implies that dist(i?' 1 , 50(3)) < Cj^. Hence, there exists a sequence of constant 
rotations (S h ) G 50(3) such that \~R h - S h \ < Cjfr, which in turn implies 

\\R h ~ S h \\ L 2 (u>) < Cf. (5.20) 

We define R h := (S h ) T R h and y h = (S h ) T y h . By the properties of the sequence 
(R h ) and by (5.20), R h satisfies (5.1) and (5.3)-(5.6). 

To provide a sequence of rotations satisfying also (5.2), we argue as in [4, Lemma 
3.1] and we introduce the matrices 

F h := -f V h .s h y h Rod Xl dsdt. 
Jn 

We notice that 

\F h -Id\<i \V KSh y h RT - Id\d Xl dsdt < C^, (5.21) 
Jn °h 

as R h satisfies (5.1) and (5.4). It turns out that det F h > for h small enough, 
therefore by polar decomposition Theorem, for every h there exist P h £ 50(3) and 
U h G Mf££ such that 

ph = phjjh^ 

and 

\U h - Id\ = dist(F h , 50(3)) < \F h - Id\. (5.22) 
The symmetry of U h , together with (5.21) and (5.22), yields for any h > 

\P h - Id\ < \P h - U h \ + \U h - Id\ < C\F h - Id\ < C^. (5.23) 

Oh 

Defining R h := (P h ) T R h and Y h := (P h ) T y h , then (5.1), (5.3), (5.5) and (5.6) 
follow immediately. Moreover, since 

\\R h -Id\\ L2(u) < \\R h -R h \\ L 2 {uj) +\\R h -Id\\ L 2 (u) < C{\\P h -Id\\ L 2 (u)) + \\R h -Id\\ LHui) ), 

then (5.4) holds due to (5.23) and from the fact that R h satisfies (5.4). Finally, by 
symmetry of U h , for every h > 

/ {W h . 5h Y h Rl - {W h . Sh Y h Rl) T )d Xl d S dt 
Jn 

= c 3 (n)((p h ) T F h - (F h ) T p h ) = c 3 (n)(u h - (u h ) T ) = o, 

which concludes the proof of (5.2) and of the proposition. □ 

From now on we shall refer to the sequence of deformations (Y h ) introduced in 
Theorem 5.1, where the constants c h are chosen in such a way to satisfy 

/ (Y h - ^ h )d Xl dsdt = 0. (5.24) 
Jn 

We introduce the tangential derivative of the tangential displacement, associated 
with Y h , given by 

g h (x 1 ,s,t):=-d 1 (Y 1 h -^), (5.25) 
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for a.e. (xi,s,t) G f2, and the (averaged) twist function, associated with Y h , given 
by 

w h ( Xl ,s) := A- [' d s {Y h -ip h )-ndt, (5.26) 
hen y_i 

for a.e. (xi, s) G w. 

We are now in a position to prove the first compactness result. 

Theorem 5.2. Under the same assumptions of Theorem 5.1, let (R h ) and (Y h ) 
be the sequences introduced in Theorem 5.1, with (c h ) such that (5.24) holds. Then 

Y h -> xid strongly in W 1,2 (fi;R 3 ). (5.27) 

Lei (g' 1 ) and (w' 1 ) 6e i/ie sequences defined in (5.25) and (5.26). Then there exist 
g G L 2 (f2) and u; G W 1,2 {Q,L) such that, up to subsequences, 

g h g weakly in L 2 (n) if (2.6) holds, (5.28) 
w h — > u> strongly in L 2 {ui), (5.29) 

A h := —(R h - Id) ^ A weakly in W 1>2 (oj; M 3x3 ), (5.30) 

£ 

— (V h s h Y h Rl -Id)->A strongly in L 2 (VL; M 3x3 ), (5.31) 
e/i 

S 2 A 2 

-| sym(i?' 1 - Id) -> — strongly in L 2 (cu] M 3x3 ), (5.32) 

w/iere 

= w(xi)(e 3 (g) e 2 - e 2 ® e 3 ) (5.33) 
for a.e. x\ G (0,L). Moreover, Y h satisfies 

\\ S ym(\7 lhSh Y h RT - Id)\\ L 2 < c(e h + (5.34) 

Finally, there exists b G L 2 (lo) such that, setting 

/ u/(xi)t 3 (s) -V(xi)t 2 (s) \ 

B{xi,s)= I -w'( Xi )t 3 {s) (5.35) 

V u/(.ti)t 2 (s) 6(xi,s) / 



for a.e. (x\,s) G a;, we have, up to subsequences, 

—^-d s R h — B weakly in L 2 (w;M 3x3 ). (5.36) 



Proof. By properties (5.4), (5.5) and (5.6), the sequence (A h ) is uniformly bounded 
in iy ll2 (w;M 3x3 ). Therefore, there exists A G W 1,2 (w; M 3x3 ) such that, up to 
subsequences, (5.30) holds. Since 

lI'Mlka < C7i by (5.6), we have that ,4 = A{x r ). 
By Sobolev embedding theorems, convergence of A h is actually strong in L q (uj; M 3x3 ) 
for every q G [1, +oo) and since 

sym A h = -f { -^^, (5.37) 
Oh 2 

(5.32) follows immediately 

By (5.1) and by strong convergence of (A h ) in L 2 , wc obtain (5.31). In particular, 
d x Y h -> ei and 9 s y A , 5^ -> strongly in L 2 (ft; M 3 ). (5.27) follows now owing to 
(5.24) and Poincare inequality. Moreover, 

||sym(V Mji y h i# - Id)\\ L 2 < ||sym(V h . Sh Y h E% - R h )\\ L * + Hsym^ - Id)\\ L 2. 

Hence, (5.34) holds due to (5.1) and (5.32). 
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By (5.6), there exists a map B £ L 2 (w;M 3x3 ) satisfying (5.36). Differentiating 
the identity 

{R h ) T R h = Id, 

we obtain 

(d s R h f(R h - Id) + (R h - Idfd s R h = -2symd s R h . 

Then, by (5.30) and (5.36), we deduce that B is skew-symmetric. 
We claim that 

Be x = A't. (5.38) 

Indeed, let tp £ W 1,2 (Q;R 3 ). Then 

A 
v he h ' 



- [ p-{V hSh Y h - R h R )e! ■ d s ipdxxdsdt+ [ p-d s R h ex ■ <p dxidsdt. (5.39) 
in neh Jn heh 

The first term in (5.39) is infinitesimal due to (5.1), while (5.36) yields 

f -^—d s R h ex ■ (pdxidsdt — > f Be\ ■ ip dxxdsdt. 
Jn heh " Jn 



On the other hand, we have 



i^L dsdl (Y h -^), V ) w - 
neh 

I 8 h {h- S h tk) h ^ )e2 di(pdxidsdtj 

Jn heh 

which in turn gives 

5 I 

{^d s dx{Y h - tf; h ), <p) w -i.2 xW i.' -> / A't -tpdxxdsdt. (5.40) 
heh Jn 

owing to (5.31) and (2.4). Combining (5.39) and (5.40), wc obtain (5.38). 
Since B is skew-symmetric, the following equality holds 

= Bxx(xx,s) = A' 12 (xx)t 2 (s) + A' 13 (xx)t 3 (s), 

for a.e. Xx £ (0, L) and s £ (0, 1). This last condition, together with the assumption 
that k is not identically zero, implies 

A'xi = A' 13 = 0. (5.41) 

On the other hand, by (5.2) and (5.31) we deduce that 

-L 

A(xx) dxx = 0. 



Hence, Axz — Axz = 0. 

To conclude the proof of the Theorem, we consider the sequences (g h ) and (w h ). 
To prove (5.28), we notice that 

gh = 1 ( {dlY h Rh) + {R h 1} \ (542) 

eh V / 

bmce we are assuming that (2.6) holds, then by (5.1) and (5.32), (g h ) is uniformly 
bounded in L 2 (f2). Therefore, there exists g £ L 2 (H) such that (5.28) holds up to 
subsequences. 

As for the twist function, by (2.4) and (5.31), 

-r^-d s {Y h -ip h )^ At strongly in L 2 (Q;M. 3 ) 
heh 
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therefore (5.29) follows. In particular, w = A 32 , hence w £ M /1,2 (0, L) and (5.33) 
holds. Finally, by (5.38) we deduce the representation (5.35). □ 

In the next proposition we show further compactness properties of the twist 
functions w , under stronger assumptions on the order of decay of with respect 
to the cross-sectional thickness 5h- 

Proposition 5.3. Under the same assumptions of Theorem 5.2. let w h and b be 

the functions introduced in (5.26) and (5.35). If -jjfi- — > 0, we have 

j^d s w h b weakly in W~ 1,2 (ui). (5.43) 
Proof. Assume that jfy > 0. By definition of the functions w h , we have 

\d s w h = -^d s {V h ,s h Y h -R h R )e 2 -n{h-5 h tk)dt+^d s {{R h -Id)T-n). 
h h z e h J_i he h 

(5.44) 

By (2.4) and (5.1), the first term on the right-hand side of (5.44) converges to zero 
strongly in W , {oS). The second term can be further decomposed as 

—d s {(R h - Id)r ■ n) = —d s R h T ■ n + —{R h n ■ n - R h r ■ r)k. 
he h he h he h 

Hence, (5.43) follows from (5.32), (5.35) and (5.36). □ 

6. Characterization of the limit strain and liminf inequality 

In this section we shall prove a liminf inequality for the rescaled energies \j h 
defined in (2.3). To this purpose we introduce the strains: 

G h := - {{R h ) T V hM Y h Rl - Id), (6.1) 
eh 

where (R h ) and (Y h ) are the sequences introduced in Theorem 5.1, and we prove 
their convergence to a limit strain G. In Theorem 6.2 wc deduce a characterization 
of G, together with some further properties of the limit functions <?, w, and b 
introduced in (5.28), (5.29), and (5.35). 
We begin with a characterization of g. 

Proposition 6.1. Under the same assumptions of Theorem 5.2, let (2.6) be sat- 
isfied. Let g be the function introduced in (5.28) and let Q be the class defined in 
(4.1). Then g £ Q. 

Proof. Let (Y h ) be as in Theorem 5.2. For every h > let 
i i 

v h ■=- T (Yi - dt+- [ 2 ((Y 2 h - ^)e 2 + (Y* - ^)e 3 ) dt. 
By definition, v h £ W 1,2 (ui; R 3 ) for every h > 0; moreover by (5.34), we have 



H d s (Y» - V/) • r = h{h -* htk \ v h ,s h Y»I% - Id)r ■ r 



L 2 (0) 



eh 



eh 

which implies 

d s v h ■ t strongly in L 2 (w). 
Similarly, by (5.34) we deduce 

d s Vi + div h ■ t — y strongly in L 2 (oj) 
By (5.25) and (5.28) we also have 

d±Vi —^g weakly in L 2 (io). 



< Ch 2 , 

L 2 (0) 
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The thesis follows now by Lemma 4.1. □ 

We are now in a position to state the first theorem of this section. For any 
M € M 3x3 we use the notation Mtan to denote the matrix 

M tan := (ei|r) T (Mei|Mr). 

Theorem 6.2. Let the assumptions of Theorem 5.1 be satisfied. Assume in addition 
(2.6). Let (Y k ) and (R k ) be as in Theorem 5.2 and let G h be defined as in (6.1). 
Then there exists G € L 2 (Q;M 3x3 ) such that, up to subsequences, 

G h G weakly in L 2 (f2;M 3x3 ). (6.2) 

Let g,w,b be the maps introduced in (5.28), (5.29), and (5.35). Then 

G t an(xi,S,t) = —t\ ,? , u ^ | + G ta n(xi,S, 0) (6.3) 

I w (xi) b{xi,s) I 

for a.e. (x\,s,t) <G fl and 

{Gtan)ll = Gn = 9 (6.4) 

a.e. in Q. 

If in addition (4.20) holds, then: 

a) if fi = +oo, there exist 0*1,0.2,013 £ L 2 (0,L) such that 

d s g = axN + a 2 T 2 + a 3 T 3 ; (6.5) 

b) if A = +00, then (6.5) holds with a.\ = 0; 

c) ifO < A < +00, then w G W 2 ' 2 (0,L) and (6.5) holds with a\ = j-w"; 

d) if\ = 0, then w" = 0; 

s) if < /i < +00, then (g,b) £ C u , where C a is the class defined in (4.21)-(4.22). 

Proof. By (5.1), the sequence (G h ) is uniformly bounded in L 2 (Q;M. 3x3 ); therefore 
there exists G e L 2 (fi;M 3x3 ) such that (6.2) holds. By (6.2), 

d t (R h G h R e 1 ) d t Ge x 

weakly in VK _1 ' 2 (fJ; M 3 ). On the other hand, by (5.31) we have 

d t (R h G h R oei ) = -d t (W h ,s h Y h -R h R )e 1 = -d t {d 1 Y h ) = 8 A d J^L_\ A 'n 
eh e h e h \ d h ) 

strongly in W~ 1,2 (Q). Hence, 

G{x 1 ,s,t)e 1 = tA'(xi)n(s) + G(x 1 ,s,0)e 1 (6.6) 

for a.e. (xi, s, t) e O. 

To characterize Gt we observe that 

d t (R h G h R e 2 ) = - d t (V h , Sh Y h - R h R )e 2 
eh 

= 1 d , d s (Y h -^ h ) = 1 5 h 9 MY h -jj h ) S h k d s (Y h -j> h ) 

e h ^ h-Shtk e h h-5 h tk " V S h e h (h-6 h tk) h - 6 h tk 

= - T — ~YTT (ds(Vh,s h Y h -R h Ro)e 3 +k(\7 h . Sh Y h -R h Ro)e 2 ) + ±- - Sh (O s R h )n. 
eh h— o h tk ' e/j h— o h tk 

The first term on the right hand side of the previous equality is converging to zero 
strongly in W _1,2 (fi; R 3 ) due to (5.1), therefore by (2.4) and (5.36) we deduce 

d t {R h G h R e 2 ) Bn 

weakly in W _1 ' 2 (fi; M 3 ). On the other hand, by (6.2) we have 

d t (R h G h R e 2 ) ^d t Gr 
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weakly in W _1 > 2 (fi; R 3 ). Hence 

G{x u s,t)T(s) = tB(xi,s)n(s)+G(x 1 ,s,0)r(s) (6.7) 

for a.e. (xi,s,t) e O. Combining (5.33), (5.35), (6.6) and (6.7), we obtain (6.3). 
By (5.32) and (6.1), 

1 



d 1 (Y 1 h -^)^G 11 = (G tan ) u 



weakly in L 2 (Q). Therefore (6.4) follows from (5.25) and (5.28). 
To prove the properties a)-e), we first claim that 

(h-S h tk) g ^y h _^hy T ^ _g sg weaMy in W -l,2 {n y 

Indeed, by (5.34) 

h V h — Ohtk ) 



(6.8) 



(6.9) 



L- 



< 2 



h — S h tk 



sym(V /l , 5 , i r' 1 ^ -Id) 



< Gh 



( 1 + D- 



which converges to zero by (2.6). Therefore, (6.9) follows by (6.8) and (6.4). 
We introduce the maps v h £ W 1,2 (12;R 2 ), given by 



( "2 N 




Y 2 h 


-4$ \ 




-tS 


Y 3 h 


-4$ > 



(6.10) 

for every h > 0. By (2.4) and (6.9), we have 

d 2 v h • t — ^ -d s g weakly in W~ h2 (Q). (6.11) 

Let Vi t be the operator introduced in (3.1), with e replaced by By straight- 
's - 11 
forward computations and by (5.34), we obtain 



||sym(V^E )|| 



„ h 2 
M 2X2) < 



sym(S7 KSh Y h RT - Id) 



L 2 (n:M 3x3 ) 



< Ch 2 



^ (6.12) 

for every h > 0. Applying Korn's inequality (3.6) and using the notation of Theorem 
3.5, we deduce 



\\v h - Us J± {v h )\\ w i,2 ( ^ s . R 2 } < C^-||sym(V it w' l i? r )|| L 2 (S;M 2x2), 

h Oh h 



(6.13) 

for a.e. x\ G (0,L). Integrating (6.13) with respect to Xi, by (6.12) it follows that 



\\v h -'n hh (v h )\\ LHn . m <c 



\d s (v h -n^(v h ))\\ LHnm <c^, 
\\d t (v h -n^(v h ))\\ L 2 {am < c^. 



(6.14) 
(6.15) 
(6.16) 



By Lemma 3.3, for every h > there exist , ai; , € £ 2 (0, L) such that ria^ (v h ) 

h 

has the following structure: 



n^(^) 



V 72 / /i 



Moreover, 



I d s v h -ndt = w h 



(6.17) 
(6.18) 
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for every h > and for a.e. (xi, s) <G u>. On the other hand, by (6.17) 

TJ (\ d s ^{v h )-ndt = 5 -±a\ (6.19) 
for every h > and for a.e. (xi, s) € w. Therefore, by estimate (6.15), there holds 

\\a1-^w h \\ L2(uj) <C^, (6.20) 

Oh Oh 

which in turn gives 

j-ta^r^O (6.21) 

strongly in L 2 (Jl). 

We first consider the case where [i = +oo. Then, by (6.11) and (6.14), we have 
d 2 (Us^(v h )) -t ~d s g weakly in W~ 2 ' 2 (n). (6.22) 

h 

Hence, by (6.17), (6.21) and by Lemma 3.7 there exist a>i, 02,^3 E L 2 (0,L) such 
that (6.5) holds and the proof of a) is completed. 

The proof of b) follows immediately by (6.20) as if A = +00, then ot\ = 0. 

Consider now the case where A < +00. By (6.11) and (6.14), we deduce 

-^(IK (v h )) ■ t ->■ ~Xd s g weakly in W~ 2 - 2 (n) (6.23) 

for every A < +00. By (6.17), (6.21) and by Lemma 3.7, there exist Pi, 02,03 G 
L 2 (Q,L) such that 

^(a':r^0. l , i = 1,2,3 (6.24) 

weakly in W~ 2 ' 2 (0,L) and 

Xd s g = 0iN + 2 T 2 + 03T 3 . (6.25) 

By (6.20) and (6.24), if < A < +00 we obtain 0i = w" and to G W 2 ' 2 (0, L). This 
proves c). 

Finally, to prove d) we observe that if A = 0, by (6.25) and by Lemma 3.7 we 
have 0i = 02 = 03 = 0, hence w" = 0. 

Assume now that < /i < +00. Defining v h := v h - Il£ i (tj' 1 ), by (6.14)-(6.16) 

h 

there exists v G L 2 (il; R 2 ) with d s v, dtv G L 2 (il; R 2 ) such that, up to subsequences 

v h -± v, (6.26) 

d s v h - d s v, (6.27) 

d t v h -± d t v, (6.28) 

weakly in L 2 (Q;R 2 ). Since 

symCV^^o ) = symiV^Ro), (6.29) 

h h 

for every h > 0, combining (6.12) with equations (6.26)~(6.28), we deduce 

8 s v-t = 0, and d t v = 0. (6.30) 
By (5.43) and (6.18), we have 

^d s r 8 s v h -ndt^b (6.31) 
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weakly in W 1,2 (to). On the other hand, by (6.19), 

^d s • nrft = ^d s f\ (d s v h - d s U^ (v h )) ■ ndt = ^d s ( P d s V h -ndt), 

(6.32) 

therefore (6.30) yields 

/j,d s (d s v -n,) = b, (6.33) 
whenever < [i < +°°- B Y (6.11), (6.14) and (6.26), 

d 2 (ns,(v h ))-T^-d s g-d 2 v-T 

h 

weakly in W~ 2 ' 2 (tt). By Lemma 3.7, by (6.17) and (6.21) there exist 01,02,03 € 
W- 2 - 2 (0,L) such that 

d s g = —OL2T2 — 03X3 + a\N — d\v ■ f. (6.34) 
For i = 1, 2, 3, let now S; € L 2 (0, L) be such that (o^)" = on and let 

\ V 03 / V 72 

By (6.30), (6.33), and (6.34) we deduce that 

d s v ■ t = 0, d s (d s v ■ n) = b, and dfv ■ r + fj,d s g = 0, 

where the last two equalities hold in the sense of distributions. Therefore (g, b) € C M . 
Finally, we study the case where fi = 0. For every h > 0, we define 

v h := ^d h . (6.35) 

By (6.12), 

||sym(V* h v h Rl)\\ L 2 < C±. (6.36) 
h n 

By (6.14)-(6.16) there exists v G L 2 (0;K 2 ), with d s v,d t v € L 2 (ft;M 2 ), such that, 
up to subsequences, 

w' 1 w, (6.37) 
d s v h -± d s v 7 (6.38) 
d t v h -» 9 t v, (6.39) 
weakly in J L 2 (f7;M 2 ). By (6.31), (6.32) and (6.36), v satisfies 

dsV-T^O, d t v = and d s {d s v ■ ri) = b. (6.40) 
Moreover, by (6.11) and by (6.37) we deduce that 

d 2 (Us,(v h ))-r^-dfv-r (6.41) 

h 

weakly in W~ 2 ' 2 {Vt). Hence, by (6.21), Lemma 3.3 and Lemma 3.7, there exist 
01,02,03 S W~ 2 ' 2 (0, L) such that 

d\v ■ t = — 02T2 — 03X3 + ot\N. (6.42) 

Let now Si, 02, 03 G L 2 (0, L) be such that 01 = (oi)", 02 = (02)" and 03 = (03)". 
Defining 

/ \ 

v = 



U ( 83 ) Q l ( 72 ) / 



03 / V 72 
by (6.40) and (6.42), we deduce that 

d s v ■ t — 0, d s (d s v ■ n) = b and d 2 v ■ r = 0, 
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where the last two equalities hold in the sense of distributions. This concludes the 
proof of the theorem. □ 

We can now deduce a lower bound for the rescaled energies 2 J h . To this 
purpose, from here to the end of the paper we shall assume that (4.20) holds and 
we introduce the classes A\^ defined as follows. We define 

Ax>,oo := {{w,g,b) G W X ' 2 {Q,L) x L 2 {lo) x L 2 (uj) : 

ds9 = a 2 r 2 + a 3 T 3 , with a, G L 2 (0, L), i = 2, 3}. (6.43) 

For A G (0, +oo) we set 

-4a,oo := {(w,g,b) € W 2 < 2 (0,L) x L 2 (lo) x L 2 (lu) : 

d s g = \w"N + a 2 T 2 +a 3 r 3 , with a* G L 2 {0, L), i = 2, 3}, (6.44) 

and for A = 

Ao i00 := {(w,g,b) € W 2 ' 2 (0,L) x L 2 {u) x L 2 {u) : w" = and 

d s g = aiN + a 2 r 2 + a 3 r 3 , with a { G L 2 (0, L), i = 1,2, 3}. (6.45) 

Finally, for fj, G [0, +oo) let 

Ao,fj, := {(w,g,b) G VF 2,2 (0, L) x : w" = 0}. (6.46) 

We consider the functional : W 1,2 (0, L) x L 2 (lu) x L 2 (uj) — > [0, +oo], defined 
as 

JxAw,g,b):= ^- [ [ Q 2 (s,w',b)dsdx x + \ [ [ Eg 2 dsd Xl (6.47) 

^ 4 Jo Jo * Jo Jo 

for (w,g,b) G A\ tfl , and J\^(w,g,b) = +oo otherwise. 

Theorem 6.3. Assume (2.6) and (4.20). Let A\ tfl be the classes defined in (6.43)- 
(6.46). Given any sequence of deformations {y ) C W 12 (£l; R 3 ) satisfying (2.5), 
there exist rotations P h G 50(3) and constants c h € R 3 such that, setting Y h := 
(P h ) T y h — c h and defining g h and w h as in (5.25) and (5.26), there exist (g,w,b) G 
Ax.^ such that, up to subsequences, 

g h — 1 g weakly in L 2 (Q), 
w h —twin L 2 (lo), 

\d s w h b weakly in W' 1 ' 2 ^). (6.48) 
- h 

Moreover, 

liminf \j h {Y h ) > J^{w,g,b), (6.49) 
where Jx^ is the functional defined in (6.47). 

Proof. Convergence properties (6.48) follow from Theorem 5.2 and Proposition 5.3. 
Moreover, Proposition 6.1 and Theorem 6.2 guarantee that (g,w,b) G A\^. The 
proof of the lower bound (6.49) is an adaptation of [7, Proof of Corollary 2]. 
Let G h be defined as in (6.1). We introduce the functions 



otherwise. 
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It is easy to see that \ h ~~ ^ 1 i 11 measure and x h G h — 1 G weakly in L 2 (il;M 3x3 ). 
By frame indifference of W, 

liminf V, 7 = liminf -s- / W {V h Sh Y h B%) dx x dsdt 
= liminf 4 / Wild + e h G h ) dx x dsdt 
> liminf 4- / x^ild+ehG^dxxdsdt. (6.50) 

Owing to assumptions (H2), (H3), and (H5), by a Taylor expansion of W around 
the identity we have: 

W(Id + F) = ±Q 3 (F) + ri(F), 

for any F g M 3x3 , where -> as \F\ -> 0. Setting := sup| F |< t 9^, then 
£(t) -> as t -> and 

X^(/rf + e,G' 1 )>x/ l |-Q3(G' l )-x^(e/ l |G' l |)|G' l | 2 . 
Thus, we can continue the chain of inequalities in (6.50) as 

liminf - y ^ > liminf (i f Q 3 (xhG h ) d Xl dsdt - \ [ Xht(e h \G h \)\G h \ 2 d Xl dsdt). 
h^-o e h h^Q I 2 J n 2 J n ) 

(6.51) 



By the assumptions on W, Q 3 is a positive semi-definite quadratic form, hence the 
first term in (6.51) is lower scmicontinuous with respect to weak convergence in L 2 . 
By definition of the sequence (xh) an d by uniform boundedncss of || G'' 1 1| i 2 (n ; M 3x3 ) ^ 
the second term in (6.51) can be bounded as 



\ f Xh^ h \G h \)\G h f dx.dsdt < CaV^) 



in. 

and therefore it is converging to zero as h — > 0. Collecting the previous remarks, it 
follows that 

rh (\rh\ 



7 n (Y ti ) i r 

liminf \ ' > - / Q 3 (G) dx^sdt. 
We can decompose G as 



G=[G- J i Gdtj + 
where by the characterizations (6.3) and (6.4) 



G 



1 1 



Therefore, by developing the quadratic form and using (2.7) and (2.8), we obtain 

l LI- 

J Q 3 (G)dx x dsdt = J Q 3 (G-p Gdt)d Xl d s dt + J o Q 3 (J 2 Gdt)dsd Xl 

> — / Q-2,{s,w' ,b) dsdxi + / / Kg 2 dsdxi. 
12 Jo J a J a Jo 

This concludes the proof. □ 
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7. Construction of the recovery sequence 

In this section wc show that the lower bound obtained in Theorem 6.3 is optimal 
by exhibiting a recovery sequence. The structure of such an optimal sequence varies 
according to the values of A and fi. 

Theorem 7.1. Assume (2.6) and (4.20). Let A\,u be the classes defined in (6.43)- 
(6.46). Then, if fi > 0, for any (w,g,b) £ A\ t M there exists a sequence of deforma- 
tions (y h ) C W 1,2 (f2;R 3 ) such that, defining g h and w h as in (5.25) and (5.26), we 
have 

y h -> x x ei strongly in W 1,2 (Q; R 3 ), (7.1) 
g h — > g strongly in L 2 {uj), (7-2) 
w h -+w in L 2 {u), (7.3) 
w^ 1 

— > b strongly in L 2 (uj). (7-4) 

h 

Moreover, 

limsup \j h (y h ) < JxAw,u,b), (7-5) 

where J\u, is the functional defined in (6.47). 

The same conclusion holds if fj, = 0, assuming in addition the hypotheses of 
Lemma 4-10. 

Proof. For the sake of simplicity, we divide the proof into five steps. In the first 
step we consider the case where A = +oo. Then we show how the recovery sequence 
must be modified for different values of A and fi. 
Step 1: A = fi = +oo. 

Let (w,g,b) £ Axj.oo- We can assume that w £ C°°([0,L]), b £ C°°(uf), and there 
exist ai £ C oo ([0,i]), i = 2,3,4, such that 

9 = a'272 + a 3 73 + a". 

The general case follows from approximation and standard arguments in T- convergence. 
Let o~i £ C 5 (ZU), i = 1,2, 3, be such that 

Q 2 (s,w,b) =Q 3 (r ( w' b o-1\rA (7.6) 

V V CTi CT 2 CT 3 / / 

for every (x±,s) £ U, and let H £ C 5 (uj; M 3 y n 3 ), H = (hij), be defined as 

/ CTi \ 
H:=R i o 2 Ji#. 

\ 0\ (7 2 cr 3 / 

For every h > we introduce the functions a h £ C 5 (£l;R 3 ) defined as 

■ 2 l / 2(7i \ 

° h ■= £h$h (2" _ 2i) ( 2(7 ' 2T2 ~ <73T3 ) ' 
V 2cr 2 r 3 + cr 3 T 2 / 

It is easy to see that 

sym{\7 h , Sh o- h Rl) = e h tH + o{e h ). (7.7) 
Let also F £ M 3x3 be the matrix defined by 

E = Q 3 (ei ®ei + F), (7.8) 
where E is the quantity introduced in (2.7). 
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Finally, let v <G C 6 (w;R 2 ), v = (v2,V3) be a solution of 

r d s v ■ t = in u, (7.9) 
| d s (d s v ■ n) = b in cj (7.10) 



and let >> be the map introduced in (3.2), with e 
We consider the sequence 



h 



y h = ip h + eh ( ) • V" 1 " ei + e h a' A ex - j- ( a 2 j 
3 V a 3 / 



Eft 

— w 

Oh 


('( 


the h { 








2^ 





-73 

72 



/i 2 £h / 



We briefly comment on the structure of y h : the terms in the first line are related 
to conditions (7.1) and (7.2), the second line is a corrective term to obtain the 
optimal constant E, the terms in the third and the fourth line are introduced to 
satisfy respectively conditions (7.3) and (7.4), and the last line contains a further 
corrective term. 

We first prove that y h satisfies (7.1)-(7.4). By (2.6) we have 

\\y h - £iei|| w i.2(n ; R 3 ) < Ch, 
from which (7.1) follows. Condition (7.2) holds since 

di{ti ~ x x ) = e h g + ^V' f + o{e h ) (7.11) 



and A = +oo. By the equality 

— [ 2 d s (y h -ip h )-ndt = w + hd s v-n + o(h), 
he h y_i 

and by (7.10), we deduce (7.3) and (7.4). 

To prove convergence of the energies, we first compute the rescaled gradient of 
the deformations. By (7.9) and (7.10), we obtain 

^K8 h y h = Ro + ehgex®ex + e h gF(0\T\n) 



h 



a 2 r 2 + a 3 r 3 a 3 r 2 - a 2 r 3 \ 
-a' 2 
-a' 3 / 

€ht(w' 't\w' 'ex + br\6) + (-p-w H — ^-(d s v ■ n)n) (0\n\ — t) 

1 1 ' V Oh Oh ' 1 1 

, /ON —T \ 2 
J^W -73 \ -V hM a h -^w 2 (0\T\n)+o(e h ). 
h \ 72 / & 
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We point out that the two terms 

( ^ w " f N (Odd ei (8 ei and 



<9it>2 I ® ei 
9iu 3 / 



are infinitesimal of order larger than e/j since we are assuming A = +00. Therefore 
they can be included in the error term o(eh)- 
The previous equality in turn gives: 

/ a 2 a 3 \ 
V M ,/^ = /d+e«Kei<8ei + -«2 

V —0:3 / 

- c h t(«/T|«/ei + b T \0)RT + f^w + ^(d s v ■ n) 

73 -72 \ ,2/000 



/ 







) ° 





-0 


V 


1 


/ 



72 / \ 1 



^'1 -73 I-Vm^-^| 1 



+ o(e h ). 

The identity (Id + F ) T (Id + F) = Id + 2symF + F T F yields 

(V fe , 5h ^ii^) T (V fei ^^^) = Id + 2e h M + o(e h ), 
where M is given by 



( 


w' 






b 


W + iA 


V 








owing to (7.7). Hence, by frame-indifference, 
W{V h . Sh y h Rl) = w(^{V h . &h y h Rl) T {V h , Sh y h Rl)) = W(Id+ e h M + o(e h )). 

Since M is bounded in L°°, there exists h such that if h < h, Id + e^AI + o(e^) 
belongs to the neighbourhood of SO (3) where W is C 2 , therefore a Taylor expansion 
around the identity gives: 

\w(\7 h . Sh y h RT) _> ^Q 3 (M) pointwise , 

and 

WCVfc.fc^) < C(|M| 2 + 1), 

for some constant C. By dominated convergence theorem and by (7.6) and (7.8) we 
deduce 

rh (<~:h\ 



T n (v' 1 ) 1 f 

lim ° f ' = - Q 3 (M) dxidsdt 
z h 2 Ja 



1 r L r 1 „ , 1 r L r 1 - , 



^ 2 {s,w' ,b)dsdx 1 + - Eg dsdxi, 

^ 4 Jo JO A JO Jo 

which concludes the proof of (7.5) in the case where A = +00. 
Step 2: < A < +00 and // = +00. 

Let (w,g,b) e A\,oo- We can assume that w £ C°°[0,L], b € C°°(w), and there 
exist Qfj g C°°(0, L), i = 2,3, 4, such that 

9 = \w" f N{£,)di + a' 2 'r 2 + a 3 V 3 + ctf. 
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Let v be defined as in (7.9)-(7.10) and let u £ C (ZU) be such that d s u + d\v ■ r = 
in uj. 

We consider the sequence 

y h = ^ + x LF ( w '/'(/ aW77)t(£)^ + w(^*JV(Ode)n) 

+ — — it — to\v-n ei, 

Oh \ h J 

which is obtained adding to the sequence (y^) introduced in Step 1 two corrective 
terms. The first corrective term is due to the different structure of g, while the 
second one is needed to cancel the contribution to the energy of the quantity 




which is now of order e/,. We observe that the term (J^^-w" Jq N(^)d^ei g) e\ is 
now included in the expression of g. 

The proof of (7.1)-(7.4) is analogous to the one in Step 1. To prove convergence 
of the energies, we argue as in Step 1 and we deduce 



lim — - = 777 / / Q2(s,w' ,b) dsdxi + — I I Kg 2 dsdxi. 
h ^o e t 24 ./o Jo 2 Jo Jo 



A standard approximation argument leads then to the conclusion. 
Step 3: A = and = +oo. 

Let (w,g,b) £ Ao,oo- Then w is affine. Moreover, we can assume that b £ C°°(uJ), 
and there exist a; £ C°° [0, L], i = 1, ■ ■ ■ , 4, such that 

g = a'l f Nd£ + c4' 72 + a 3 ' 73 + a'i 
Jo 

Let v and u be defined as in the previous step. We consider the sequence: 
V = V + (hu\ / iV(C)^ei — aiTei + — c*i -73 Th—^ 1 ' 



e h F(h(c%J N( V )dri)T(Z)d^+5hta'{ 




h 3 e h ( S h \ 
+ — — \u — — to\v ■ n lei, 
Oh V ft / 

where (y h ) is the sequence introduced in Step 1. 

We observe that the previous sequence is obtained by a slight modification of 
the recovery sequence introduced in Step 2, due to the fact that, since A = 0, the 
contribution of w" to the energy is zero and the role of w" in the structure of g is 
now played by a'[. 

Arguing as in Step 1, it is straightforward to prove (7.1)-(7.4). The same com- 
putations of Step 1 yield also convergence of the energies and the conclusion follows 
by approximation. 
Step 4: A = and < /i < +00. 

Let {w,g,b) £ Ao ttl - Then w is affine. Moreover, by Lemma 4.8 we can reduce to 
the case where g £ C 4 (ZU), b £ C 3 (uJ), and there exists <f> £ C 5 (uJ;R 3 ) such that 

d\(j)i=ng, d s (f>-T = 0, d s 4>i + d\(f> ■ r = 0, and d s {d s (j> ■ n) = b. 
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We define 




F(h j grd£ + d h tgn) 

-E h (thw'T -y W ' j Nd^j 



ei 



h 2 €htdi(f> ■ nei 



Zd h 

where the terms in the first line are related to conditions (7.1) and (7.2) and to the 
optimal constant E, whereas the second and the third lines are related to conditions 
(7.3) and (7.4) and to the quadratic form Q2. 

Arguing as in the previous steps it is straightforward to prove that conditions 
(7.1)-(7.4) are satisfied and that 



lim 2 — = 7TJ / / Q2{s,w / ,b) dsdxi + — j j Eg 2 dsdx\ 



fc=To e 2 
Step 5: A = // = 0. 

Assume that there exists a finite number of points = po < pi < • • • < p m = 1 
such that for every i = 0, • • • ,m-lwe have that k(s) > for every s G (pi,pt+i), 
or k(s) < for every s G {pi,Pi+i) or k(s) = for every s G (pi,Pi+i). 

Let (w, g, b) G -4o,o- Then w is affine. Moreover, by Remark 4.2, we can reduce to 
the case where g G C 4 (uJ) and there exist two maps u G C 6 (uj) and z G C 5 (uJ) such 
that d 2 u = g and d 2 u = kz. By Lemma 4.10 we can also assume that b G C 3 (ZU) 
and there exists <fi G C 5 (uJ;K 3 ) such that 

9i</>i = 0, d s <f)-T = 0, d s 4>\ + d\<f) ■ t = and d s {d s cj) ■ n) = b. 

We define: 

^ h + £/i(<9iu + ^-tdiz^ei - ^j-(3 s ut + zn) + ^^-t(d s uk + d s z)r 
£hF(h J grdi + S h tgnj 



y h 



e/i — twr + —w 

\ Oh 




/ h 2 f s \ 

- e h (thw'T - —w' J Nd£) ei 



- the h (d s 4> ■ n)r + ^7^- ( 4>2 | - h 2 e h tdi(j) ■ ne x + ^-^0iei 

where the first line contains now some corrective terms to compensate the contri- 
bution given by d s u, and the terms in the other lines play the same role as in the 
previous steps. 

Arguing as in Step 1, it is immediate to prove (7.1)-(7.4). The same computations 
of Step 1 yield also (7.5). Hence, the proof of the Theorem is completed. □ 
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